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T H E

PRETF A C L

F E chief Defign of this Tract (as the Ti-
| tle Page exprefles) 1s to thew the Harmony
between plane and /pherical Trigonometry. And
the better to anfwer that Purpofe, the correfpon-
dent Theorems of both are difpofed 1n oppolite
Pages, tacing each other; whereby the Agree-

- ment between them 1s rendered confpicuous at one
View. This Defign indeed takes up but a {mall
Part of the Treatde, but the other Particulars

here added are not, ’t1s hoped, without their Ufe,



ELEMENTS

O F

TRIGONOMETRY.

C H A P L

DEFINTITTIONS

I. RIGONOMETRY is the Art of meafuring or refolving

Triangles.
1L A Triangle is faid to be r¢folved, when from three given Parts
.(_elther Sides, Anwlesﬂ or both-) a fourth (-cither Side or Angle-)

15 found out.
* Except the three Angles of a plane Triangle ; for thefe determine only the Proportion
of the Sides, and not their Duantity.

111, Trigonometry is either plane or [bherical; the firft refolves p[aﬂe
Triangles, the fecond [fpherical ones.

5 S C H OL 17U M.

Inafmuch as for the refolving of Triangles, it is required, that the
*Proportion which all the Parts of a Trangle bear to each other be
known, which really is not; for the Perlpherles of Circles, (and con-
fcguentl}f the Meafures of _/ nrles in a plane Triangle, and the Mea-
“ures of Sides and Anzles in a Spiwfm[ Triangle,) could never yet be
reduced to right Lines; Mathematicians theretore, in order to remedy
“this Defelt, have applicd certain right Lines to the Circle, which bear
“an invariable Ratio to the Radius thereof,  And thefe Lines they called

-~ Ghords - Sines - Tangents and Sceants, |

IV. A Chord 1s a 1mrht Line drawn from one End of an Arc to the
" other; thus AG is the Chord of the Arc AE G, and of the Arc AHG.

B COROL-

*'
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6 The Elements of Trigonometry.

C O R OLUL A R Y.

~ The Cf?_,z ¢ therefore of an e, and of its Compleinent to a Circle, is

..L.u..f /L N

A S 13 €1LhCI’ u&f— - e,

VoA Roges Sooy mast commonly called, fimpdy, o S7ve, 15 a Fers
roadiculan - ,.,El fm:n cne LXIremity of an 5\*:-;;;3 Loon e Radius
CraWn to th CIACT Latremiaty of thot f‘.m, Arcs or it s Lo ,'_11 * nf
the Cord o e oouhis --'&rc Thus the Niols S/ f:,:f 11 A AR
tae Lic A {_: _LJ.(J e Cacrd of AE(J dotbic ui A DR

As the Line AG 15 toe Chord of the Aro AT G, ond Blkowile of
ANG s (o ouut oo Ceele, contequently AC (=7 AG) the

I3 higowiie the S or i SIS ;I*..,.f.-fzr Ali, The
- T g 1'"'11 - ot ~ p -----r-r ~ y '4--"« '--"1 a' -~ ’
s li t]lCl Lra,r_ L, Oi. il ..t'.:?f’- Ly hl]d 01 1.5 éi:f’i + fta- tD 1 D(. (”LCb C‘l

S C II O L I U AL

It appears from D:zf. 5. that cvery Sinc (i, c. right Sine) is the haif
of 2 Chord, and that the Arc of the Sine is the haif of the Arc of
the id Chord. W 1cerrL, becaufe there 13 the fame Prop')rtnon be-

1 two Halves, as there 1s between their Wholes, and the faid Pro-
}-er on benween the Halves (as being expreftibic in lefs "\Tumbcrc) 5

‘ r to be calculated, than the Pr0portlon between their VWhoeles,
3 J_) WEeLLS) Sines are uied rather than Chords in Trimono-
1CY } :mns, and the Proportion of Sines (not of Chords) to
t torth 1n Trigonometrical Tables.

EI % vr‘;f S:ne 15 the qef’mcnt of the Diamecter 1ntercepted be-
tween the ri;}‘z Sine and t}:e Arc. Thus CE is the vorfed Sinc of the
F1E \r .nd CH the " ~d Sine of 1ts :'fpp,/r,‘ifhfff A H.

V1 The Taimnr o an Arc 15 2 right Line drawn perpendicular t
e Jmm:...tr, touching the Arc at onc Lknd, and produced i 1

r~*
b S
a 1
M f-
L o
E.
Lr3

VIIL The Secon:, which 15 a right Line drawn from the Center
th-o’ the other End of the foid Are. Thus ED 15 the Tangenz, and
BD the Sccens of the v AL,

' SCH O-



S p/aerz'm/ ??'zg'o;;or;zefiy. vi

s C H O L I U M

It is to be obferved, that as the Sinc of an Arc, and of its Supplement,

is the fame ; {o the Tangert or Secant of any Are, and of that Arc's
Supplement, 1s the fame 1L.ewﬂe

IX. The Cofinne, Cotangent, and Cofeccant of an Arc, is the Sin,
Tangent, and Secant of that Arc which is the ij)/mmz‘ of the for-.

mer Arc to a Qadrmt Thus, FA, the S of AK; KL, its Tan-

gent 5 and BL, its Secant 5 are refpectively the Cofine, Coz‘mm;?*} and
Cﬂf cant of the Arc AF.

CHAP IL

The PROPERTIES 07 AFFECTIONS ¢f Spherical Trrangles.

D E ¥ I NT T 1T O N S

I Spherical Triangle 15 that which is comprehended under three

Arcs of great Cireles interfe@ing each other on the Surface of
the Sphere.

II. The Meafure of a Splerical Angle is an Arc of a great Circle

intercepted between the Sides Lomprehendmg the Angle, the Pole of
that Circle being the angular Pont,

P RO PEI RTTIE S

I. In cvery Spherical Trangle each Side 15 /fs than a Semicircle.

. Any two Srdes taken together are gieater than the third.

III. The zhree Sides taken together are Zofs than a whole Circle.

IV, The three Angles taken together are greater than swo right An-
gles, and /ofs than fix.

V. The greater Angle 1s {ubtended by the greater Side, and the
liffer Angle by the ].:[cr S:d

VL. In 2 nght aneled "wpmr ical Triangle, the ﬁz;fglex are of the
fame AfteCtion with their oppyite Sides that | is, if the Sides are equal,

mFeCtor or ff’/,r than Quadrants, the nglcs oppohtc thereto are f’gzag/
g: ccter or I /.'f than Right Angles, And v.v.

VIL If the two Sides of a 11“}'11\“ angled Spherical Trianzle be of the
Jaze Afie@ion, (and confequentlv the A’;zf"f# ) that 13, if thf-‘v arc both

!‘J-‘ or 0sth greater than a Quadiant, the Hyvpotenufe W’l]l be /g‘s than
1 Quadrant,

B2 VIII. But



8 Plane Trisonrmetry.

T-TI-T F:‘ L :: "'11I'_.‘- t . ~y (.-41 - !""h.n j‘f#?-ﬂ.— - g q *
| I P LLI'L 31 L.l LI T VW N S . i-.n‘lc~*'*'~..‘tk A ""-‘”‘\: $ o /v O N, ff"
e . . I~|. - L— LN
. . . . ' - ] ; y
ppppp 4 2} - o+ — - F o= o= o r ;-1 - - -- ;-i - -
o AT n e i s e o ad ol S greater i a Quas
Y - Py , L ) AR T ! 1:”
Co.»= 107 i i VUL e e e thon o Qundrant.,

I
\' ‘f_L' ‘1*_" T ek, I . * : PR 1 '-T._{'
LN I v 4ty e ervarss taan a2 Quo g iien the Sidvs
Comproney unT ins b el AnTe aind wlio the s Zhs oops’ie to them,
are f CITen s Ariddtee o beo o ws than a Quadrant, they are of the
i B

M.oAany snacneal Tricrzle mav be transformed into another, whofc

tar sl T ors otual th Uhe tred Augies of the former, or their Sup-
poosnioocioany ot it toon . And contrariwlie, whole Aegles are
eriv tooniel oot nemer, or thelr Sweploaents to Semicircles, i
toov e o tan Qulrants 4

¢ O C L L A R Y.

Honte o follaws, that, when the three Augles of a Spherical Trian-
2 oare CIven, tae three Sodes of the reciprocil Triangle will be known ;

refpectively equal to the two lefler, or a-
cure Al and the grear? Siie to the Supplement of the greatefi, or
cElL 15 Al

C H A P 1L

N every rigif-ainzizd plane Triangle, any of the three Sides may be
made Radsui, and then the two other Sides will be as Swnes, Tan-
cents, or Secants, as appears from the following

T H E O R E M.

If the Hvpsterufe be made Radius, the other two Sides are the Sines
of their oppofite Angles; but if one of the Szdes (1. e. the Bafe or Per-
sendicteler ) be made Radius, then the ozher Stde 15 the Tangent of its
cperfiie Angle, end the Hypotenufe is the Secant of that fame Angle,

This wiil appear very clearly, if the Figures in the oyngphs be
compared with Def. V. VII, VIIL

S CH OL 1 U M

It may be of fome ufe, to apprize the Reader in this Place, that there
is in the Trigemometrical Cancn, or Tables, a Triangle exatly fmilar to
the Trianzle propofed to be folved ; and upon the Similurity of thele
Triarzles all Trigonometriczi Operations are grounded. Wherefore the
Triangle propofed te be refolved is always confidered in a dowvie Reﬁvei :

], £38



Plane Trioonometry. 0

— 1. As the Grven Triangle — ana 2. \s the Canonzcal Triangle — and
then rach Side (as it 1s obfervable in the foromentioned Figures) has w0
Denominations ; the one fie. i and wichangeadle, viz. Hypotenufe, Bafe
and Perpendicular ; the other continually changing, according to the
Side made Radmus,  But the Denomination of any &ide (under this fe-
cond Contideration) may be readily known by the Word annexed to it.

“HAF,

-II--—*.'J



10 Plare Tri g0R0INELTY.

¢ 3 A P IV.
Tre Trigeusmctrica! Scluions of right-angled plane Triangles,

H C-'?f of riglt-angled Triangles are fix 5 all which may b
{olved by the fol llowing Thezicms,

T HE OREM 1
As Radiug,
Is to tne Hypotenuic;
So 15 the Sine or either of the oblique Angles,
To 1ts oppolite dide.

viz. R:AC::8.C: AB. Fiz. 1.

T H LT OREM Ij
Az Radius,
Is to the Bate;
So i- the Tangent of the adjacent Angle,
To the Perphnmcular
viz. R:BC:: T.C: AB, Fig, 2,

S CHOLI1ITU M

By introducing Secants into the Analogy, we bave this additional Theo-

~ent for the Solution of all rizht-angled Triangles, <z,
As the h.,(e;

Is to Radius;
So 15 the Hypotenufe,
To the Secant of the adjacent Angle, See Fi3. 2, 7

CHAP



Spherical Trigonometry. 1§

C H A P IV,

The Trigenometrical Soitticns of night-angled Spherical Trrangles.
/ E 'HE Cofes of right-argled Triangles are #en, all which may be

folved by the two ful‘ou Ing T/Im oIS,

T I E O R E M. I
As Raduus,
Is to the Sine ¢. the Hypotenule ;
So 1s the Sine of either of the obliquc Angles,
To the Sine of its oppotite Side.

viz., L S,AC::S.C:SAB. Tng. s,

C O R OL L A RY.
Hence it follows, that, if
E[. AI] /l’;;g fL} Llﬂd If‘*- Gjﬁlﬁ?ﬂ"f £ Si‘r.?)a’
2. An dngic and the Ifvpor,
3. The Hypst, and one Side

1(3 I{'l/JuZ(i ?uf/“

']. 11C Gj‘?jﬁ?/‘l{. Sa"f:{. may be found,
The oppofite Angle S

be given,

T E O R E M 1L
As Radius,
Is to the Sine of the Bafe
So 1s the Tangent of the adiacent Angle,
'T'o the Tangent of the Perpendicular.

viz, R: SBC.: T.C: T.AB, Fig. s.

C O R OL L A RY.
Hence 1t follows, that, 1f
1. The two Side:

? g The tzwoe acute Angles ¢
2. An Aungle and the adjacent Side

T] may be found,
.l. 10 Gif.ftf Lnti;t? .S

s CH O L I U M

Tho’ there is an exa&t Harmony between pfﬂm and fpherical Trigo-
‘nometry, with regard to the 7 beorcins whereby this Speczes of Triangles
1s refolved 5 vet it muft {till be confefied, that, with regard to the Sofzzz‘zm
theie 1s tns jfzzzzil Dzﬁmrzﬁ‘e between them I, that in refolving p/mze
_93 rangles we may ufe cither Sines or Tﬁfﬁa‘mz‘s (1. e, Theorem 1. or 2.)
inditferently 5 whereas in fplerical T. u:gwmm v, the Cafe thatis folvable

by Sines will not admit of a Solution by Taugents, nor that which 13
.Iulvable by Tangents of a Solution by Suzer,

be i:n'fn,

CHAP.



13 Sgherical Trigonometry.

c H A P. V.
Of the Solution of right-ansled Triangles, by the frve Circular Pasts,

D EFINTITTION S
IEV ERY Triangle confifts of fx Parts, viz. three Sides and thres
A

II’T}-’J; but omiiting the 77g0¢ Angle, as being always krown,
the jf ¢ remaining Parts, <7z, the H}prfezzzu the 70 oblique szzglm,
ana the Coom ﬁ’wmh of the oo Sides, are called Circular Parts,

11, In the Refolution of cvery Trlanﬂ']e ihree of thefe Parts come
alwzvs under Confideration, wrz. the f..uo Partc: given, and the fhird re-
i}’,ur.;lf . that which I3 ﬁtuatﬂd in the Mzdd}c’ between the other
vwo, 15 called the Afvddie Part, and the other two, between which it
1o ﬁtuat...‘.., are called Extreime Parti,

I11. \Vhen the Extreme Parts lie contiguous, or are confsined to the
AM-dli: Pare, thq are called Extremes Cozz;z;;zc‘?

1V, but when thev are digssined from it, that 15, when another Par
nterpofeth on 4025 Sidss between the Exfremg Parts and the Middie
Parz, then they are called Extremes Disjundi.

C O R OL L A R Y.

1.0AB Y 1.oBCA . 1. AC, C ]

2. A 5= 12.AC,0AB| 32 |2.9BC, C

S ACIEEIAC {1705 0AB, oBC} Estrm
.. C l: © AC,5BC|2%[1.-aB A [©
:.0BC 5 15.C >AB 1275 AC) A

\’B >AB, &c. fignifies the Cw@fmmz‘ of AB, &e.

S CH OTLTIU M

Tie Right Anzle being alwayvs known, is therefore ejeted out of
the Circular Ports, and the Sides by which it is comprehended are con-
iidered as immediatelv adicining: and hence 1t comes to pafy, that

1

ta0” the night —\*""'L_. ttznds between BC (Cate 1.) and AB (Cafe ¢.)

4ne the miad 1“'r yet mey are impoied to be really conyunct.

Thete Things ﬁl‘fm”cd all the Cafes of right-angled Triangles may be

- 4

eztily and expeditionidy {oived by the following Theorems.

THE O-



Spherical Trigonometry. 112

In all richt-angled Spherical Triangles, the Redtangle under the Ri-
dis, and the Cofine of the muiddiv Pait, 15 equal to toe Relanple under
the Sines of the Lixtremes disjuinél.

C O RO L L A R Y.

Hence it is evident, that, if from the Swzw of the Logarithms of tie
Radius and the Cofine of the middle Part, vou fubtradl tie Looarithm
of the Sine of ecither of the Extremes disjunsly the Remainder will be
the Logarithm of the Sz of the otber,

T HE OR LE M IL

The Re&angle under the Radius, and the Cofine of the middle Part,
is equal to the Retangle under the Cotangents of the Extremes comjunll.,

C O R OL L A R Y.

Hence it follows, that, if from the Swm of the Logarithms of the
Radius and the Cofine of the middle Part, you fubtral the Logarithm

of the Cotangent of vither of the Fxitremes conjunét, the Remainder will
be the Logarithm of the Cstangent of the otber,

S CH OLIUM L

When a Complement happens to concur with a Complement in the
circular Parts, then the Sure, or the Tangent, inftead of the Csfine or
Cotangent, 1s always to be ufed 1n the Proportion; for the Cofize or Co-

tangent of the Gomplement of an Arc, is the Sime or Tangent of that
Are.

S CHOLTITIUM IL

It we confider the Sides of plane Triangles as the Sines or Tau;ents

of the Sides of fpherical ones, and apply to #hsfe what has been here
advanced of zhefe, the Harmony between both will be flill confpicucus.

See Wolfius’s Trigonometry.,

> CH OL T UM Il

The Lord Narier, who was the firt Inventor of this Method,
makes ufe of the Sides themfelves, and for the Hypotcnufe and oblique

Angles inferts their Complements in the circular Parts; whence he deduces
thefe Theorems,

C THE O-



14 Piane Trigonometry.

C H A P VL
Tte Trigsnsmetrical Solutions ¢f oblique-angled plane Trzangles.
' l "HE Cafes of cbligue-angled Triangles are four, all which may be

{olved by the following Theorems,

T HE OREM I

As cne Side,
Is to the other;

Co 15 the Sine of the Angle oppofite to the firft Side,
To the Sine of the Angle oppoﬁtf: to the other.

viz, AB:AC::5.C:8S.B. Flﬂ‘ 4.

C O R OLUL A R Y.

Hence it appears that, if
1. Two Srdes and the _/{)zr"ﬁe cjzpc;f\ » r1. The Angle cppofite

to one of them to the other ~ |may be
. Two Anglzs and the Side oppof i 12. The Side oppafi z‘clfound
to one of them ) to the other

[

bc given

r—l-_

LE M-
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Spherical Trigonometry. ¥§

T H E OREM L

The Re@angle under the Radius, and the Sine of the middle Part,
is equal to the Rettangle under the Cofines of the Extremes dif-

Jundt,

T HE OR E M IL

The Re&angle under the Radius and the Sine of the middle Part,
is equal to the Rectangle under the Tangents of the Extremes con-
Junéi,

CHAWP VL

The Trigonometrical Solutions of oblique-angled Spherical Triangles.

HE Cafes of obligue-angled Triangles are fix ; all which may be
{olved by the following Theorems.

T HE OREM I

As the Sine of one Side,
Is to the Sine of the other ;
So 1s the Sine of the Angle oppofite to the firft Side,
To the Sine of the Angle oppofite to the other.
viz. S,AB:§.AC::5.C:8.B, Fig. 6.

C OR OLUL ARY

Hence it appears that if
I. Two Sides and the Angle oppof.;
to one of them |

2. Two Angles and the Side oppof.
to one of them J

1. The Angle oppofite:
to the other lmay be

c
>
Y4, The Side oppofite | found.
R to the other

L3 LEM-



16 Plane Trigonometry.

L E M M A,

If any one Angle of a plane Triangle be fubtracted from 180 Degrees
or 2 Right Anf_‘le the Remainder will be the Swum of the other two

Angles, (32, EL 1, Cor.) which divided by 2 gaives their Ha/f" Sum in
¢ Quotient.

T HE OR E M IL

As Half the Sum of two Sides,

Is to Half their Difference ;

So is the Tangent of Half the Sum of their oppoiite Angles,
To the Tangent of Half their Difference.

BCHAB BC—AD L A4C . A-C

ViZ, —

2 2 2 I .

C O ROLUL A RY.

rom hence 1t follows, that, if w9 Snivs and the ~ngle included be-
rween them be given, eich of thﬂ other two Angls may be found ; for
*m]r Hu;}' Suiz will be found by Lemma, and their Half Dijjeirence by

Trocrem 2. from whence by Problem D. 20. ) the %H”ICS z/wj foes Iy
b" fount

s CHOLTITUDM L

Inttead of Theorem 11, the following may be uled, iz
1. As the leffer Side,

Is to the greater
>0 15 Radius,
To the Tangent of an Arc.
. As Radius,
Is to the TJHU‘Eﬂt of that Arc, lefs 43575

20 15 the Tmuem of Half the Sum of their oppofite Angles,
To the Tangfznt of Half theif Difference.

B

SCH O-

e e e



Spherical Trigonometry. 17

L E M M A

- As the Cofine of Half the Sum of two Sides
Is to the Cofine of Iulf thair Diterence
8o 1s the Cotangent of Half the mcluded %n”]
To the Tangent of Half the Sum of their Gp'mﬁ Angles

C XB B ——-'&B CALC
ViZ. CofB T . Col, (,ot— "E +

y 2

Iz, 6.

o

T I E O R E M 1

As the Tangent of Half the Sum of two Sides,
Is to the Tangent of Half their Difference

So is the Tangent of Half the Sum of their oppofite Angles,
- To the Tangent of Hulf their Difference.™

L AB 3C — / ) —C
G Tb( AD T.b(’ AB::T‘A—I—(:T_A C
2 o) 2 2
Fir. 6.
¥ 1 0. when the Suvat of the two Sides is f;*ﬁ than a S.:-u:fcfn*.’r; when grealer, takc
their Supplements, and the Operauon will produce the Supplonents of the Angles fought to
two 1izht Angles.

Cc O R OL L A R Y.

Hence it follows, that, 1f #wo Sries and the rucluded Angle be given,
each of the other two ugles may be known, for their Half Sum will
be found by the Lomma, and their Half Difference by the Theorem,
from whence (by Proolein p. 20.) the Angles theinfelves will be known.,

s C I O L I U M,

Inftead of Theorem 11, the following may be ufed, viz.
1. As the Sine of the lefler Side,
Is to the Sine of the oreater;
S0 15 Radius,
To the Tangent of an Arc,
2. As Radius,
5 lstothe Tungent of that Arc, lefs 45°
" So is the Tangent of Half the Sum of tllCll oppofite Angles,
To the Tangent of Half their Difference,
g From




18 Plane Trigonometry.

S CHOLI1IUM IL

This Theorem 13 purpofely inferted on account of its great Ule i
Aftronomy.

From the greateft Angle of an oblique Triangle let fall a Perpend
cular on the Bafe, dividing it into two Segments, then '

T H E OR E M I

As Halt the Bafe

Is to Halt the Sum of the other two Sides;

So 15 Halt the Difference of thofe Sides,

To Haltf the Ditterence of the Segments of the Bafe.
i EE AB+-AC  AB—AC BD-DC S
2 2 T T T 2 Fig..

C O R OLUL AR Y.

From hence it follows, that, if the three Sides be given, the £«
Angles may be found. For the Segments of the Bafe will be given by thi
Thecrem : and now the oblique Triangle being reduced into two righ: -
angled ones, wherein the Bafe and Hypotenufe are known, the Ang. -

will thence be given by the Refolution of Cafe V. of right-angl. -
Triangles. |

S CH OULTIU M

The Fractions which commonly happen in the Segments may cau:
an Error of fome Minutes in the Angles; wherefore the following T

rent s to be preferred (both for Accuracy and Expedition) in the Sol
tion of this Cafe,

T HE ORE M

: As the Reftangle under the Sides comprehending the Angiri
ought,

Is to the Square of the Radius ;



Spherscal Trigonometry. 19

From the greateft Angle of an oblique Trangle, let fall a Perpendi-
cular on the Bafe, which will divide it into two Segments ; then,

T HE OR E M I

-+ As the Tangent of Half the Bafe,
~ Is to the Tangent of Half the Sum of the other two Sides;
So 1s the Tangent of Half the Difference of thofe Sides,

To the Tangent of Half the Difterence of the Segments of the Bafe.
Viz.TE—C-:TA———-—-——-——B_}_AC::T‘-AB_A(-::TBDHDC' .
. 2 2 2 | 2 tig. 6.

: C O R OL L A RY.

~ From hence it appears, that, if the 7bree Sides be given, either of the
three Angles may be found. For the Segments of the Bafe will be given
by this Theorem 5 wherefore the oblique Triangle being reduced into two
night-angled ones, wherein the Bafe and Hypotenufe are known, the

Angles will be given by the Refolution of Cafe 1IL of right-angled

Triungles,

S CHOULTITU M

~ As the Refolution of this Cafe by the foregoing Method 15 very te-

dious, we fhall therefore add the following Theoren: , by which it may
be folved at one Operation,

T HE O R E M.

"E As the ReCtangle under the Sines of the Sides comprehending the.
Angle fought,

.15 to the Square of the Radius;
£ 30

]
1
v



20 Plane Trz:gomwez‘fy.

So is the Re&angle under the Differences between thofe Sides and t}
Half Sum of the three Sides,

To the Square of the Sine of Half the Angle fought.
A

ViZ. ABXAC:Rq::XXZ:SQ.; Flg 4.
vp, BCHABHACI—AC=X
e 2 —AB=7.

P R O B L E M

The Half Sum and Half Difterence of any two Quantities bei
oiven, to find the Quantities themfelves.

S O L U T I O N,

1. To Half the Sum add Half the Difference, the Aggregate (Sw
of both) will be the greater Quantity.

2. From Half the Sum fubtraé Half the Difference, the Remaind:
will be the /efer Quantity,

CHAI

=






iz, T.C+B: T.C—B:-T.AB_I-AC:
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| So is the Rectangle under the Sines of the Differences between thofe
Sides and the Half Sum of the three Sides,

To the Square of the Sine of Half the Angle fought.

viz. SABxS.AC:Rq::SXx8Z:8q. & :
2 5 5-

A

v BCHABLACT—AC=X

L EM M A

As the Cofine of Half the Sum of two Angles,

Is to the Cofine of Half their Difference ;

. So is the Tangent of Half the interjacent Side,

. To the Tangent of Half the Sum of the other two Sides.*

viz. Cof, S . Col. C-3 3 T, E : T.w oy
_ 2 2 2 2 1z, 6.

. * i.e. When the SuM of the Angles is /efs than two right Angles —s when greater, take
their Supplements, and the Operation will produce each Side’s Supplement to a Semicircle.

T HE ORUEM IV

As the Tangent of Half the Sum of two Angles,
Is to the Tangent of Half their Difference;

So 1s the Tangent of Half the Sum of their oppofite Sides,
To the Tangent of Half their Difference.

T AB—-AC
2 2 ' 2 ' 2 Flg. 6.

C OR OLUL ARY.

From hence it follows, that if fwo Angles and the interjacent Side be

I{given, the other two Sides may be found, for their Half Sum will be
known by the Lemma, and their Half Difference by the Theorem ;

TV e T bl 2 A R

whence (by Problem p. 20) the Sides themfelves will be known,

P CHAP.
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C #H A P VIL

Cf the Solutions of Trigonometrical Problems,

I_\? all Trigenomotrical Oparetisns there are alwavs thiree Things given
to find a jourtir; {uppoiing the Ra. ius in 7 ght-angled Triangles t
be ore,. Thefe three given Terms are to be fo ftated, that the fame Pro.
portion there 15 between the firft and fecond, may likewife exift betweer
the third and fourth, which 1s always the Term fought ; and therefor:
cncicntly {as in 2l other Cafes in the Rule of Proportion) the Metho
was, to multiply the fecond and third Terms into each other, and di
vide the Product by the firft; the Quotient was the Anfwer to the
Queftion. But now fince the admirable Invention of Logarithms (the
Nature of which 15 fuch that Addition performs the Othice of Multipli.
cation, and Subtraélion of Divifion) there needs only to add the Loga.
r1tbms of the fecond and third Terms together, and from their Sum ts

fubtrat the Logarithm of the firft Term, and the Remainder will b
the Logarittm of the fourth Term required.

But for more Eafe and Expedition,

When the Radius 15 not in the Proportion, then, inftead of the Lo
oarithm of the firlt Term, s2/e/f, fet down its Aritbmetical Complemen:
(1. e. what each Ficure but the laft wants of ¢, and that of 10.) an
add all the three Terms together, the Sum, (fubtraCting Radius,) &
the Lezarizom of the tousth Term fought,

}f the Logarithm of the Term fought fhould not precifely corre-
{pond with any Logarithm in the Tables, it is fufficient for ordinary
Purpofes to take the neareft to 1t. But where great Exaltnefs is re-
quired, you muft proportion the Difference as the Nature of the
Cae demands.

In ftating the Terms of the Analogies, yon are carefully to obferv
the following

PR ECEUPT &

I. When a Side is required, begin with an Angle; and, on the con-
trary, when an Angle is required, begin with a S:zde; then, |
II. Cempare a Side 10 its cppofite Angle, and an dugle to its oppopte:

j

Siar.

+d
t

SCHO-
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S C H O L I U M

By an Angle I mean the S, Tangent, or Sccant of it. By a Side,
(in Sph. Trigon.) the Sue or Tangent of that Side,

PR OBLEM I
1;, In a right-angled plane Triangle, any two Parts (as the Side BC,
and the Aﬂgfe A) being given, to find the other Parts, V. Synopfis, p. 28.

s OLUTTIO N

- 1. Confider which Side is moft proper to be made Radius, whether

!he Hy poz‘eﬂf{/} Bafe, or Perpendicular.
: I1. If the Hypotcnufe be made Radius, (Fig. 1.) the Analogy

will be

-
\1.-

1.5 A:BC:: R: AC,
: 2.S.A:BC::S.C: AB.
.* II1. If the Bafe be made qulus (Fig. 2.) the Proportion 1s
- 1. R:BC:: T.C: AB
2. R: BC::8ec.C: AC,
- IV. If you make the Perpendicular Radius, (Fig. 3.) the Solution is

performed by the following Analo-try, vizZ,
1. TA:BC:: R :AB.

* 2. T.A:BC::ScA: AC.

re
.-i-

¥

¢ PR OBLEM IIL

! Ina right-angled Spherical Triangle, any tawo Parts (befides the right
;Angle ) being given to find the otber Parts. V. Synopfss, p. 30.

}

The SoLuTION by the common Rules.

. L Firft confider whether the Parts concerned in the Queftion be
EExz‘rmes conjunét or disjunét,
H. If the Parts be Extremes disgunét, and oppofite to each other;

E D2 c. g if
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e. g. if the Hvpezenufe AC and the Angle C be given, to find it
cppsfite Side ABj; then fay by Theorem 1.

As Radius,

Is to the Sine of the Hrpotenule AC;

So 15 the Sine of the Angle C|

To the Sine of its oppofite Side AB.

HI. But if the Parts be Extremes disjunct, and nof oppofite ; for Ex-
ample, if the Side BC, and the adjacent Angle C, be given, to find
the sther Angle A Then the Sides of the Triangle are to be continued
till they become Quadrants, and thereby form a zew Triangle, wherein
the Parts concerned in the Problem are Extremes disjuné?, and oppo-

Jite, as the Triangle FCG ; 1n which are given GC, the Complement

of the Side BC, and the Angle C, to find GF, the Complement of the
Angle A; thercfore fay as before,

As Raaius,

Is to the Sine of the Hypotenufe GC, i.e. the Cof. of BC;

So 1s the Sine of the Angle C,

To the Sine of its oppofite Side FG. i.e. the Cof. of A.

IV. If the Parts be Extremes conjuni, and the Hypotenufe out of the
Queftion ; for inftance, if the Sides AB and BC, be given, to find the
Argle C, the Rule 15,

As the Sine of BC,

Is to the Radius;

So 1s the Tangent of AB,

To the Tangent of C. Theoreiir 2d. ,

V. But if the Parts be Extremes conjunét, and the Hypefenufe con-
cerned 7 the Problem; as if the Hypotenufe AC, and the Aagle C
were aiven, to find the adiecent Side BC : Produce each Side of the
Trizngle to 2 Quadrant, in order to find a #ew Triangle, wherein the:
Hypstenufe is excluded cut of the Problem, as the Triangle E AN,
wherein are given EA, the Comploment of the Hypotenufe AC; EK
the Complement of the Angle C; to find the Angle K, the Cmp/m: il
of the Side fought BC; therefore the Rule is the fame as before,

As the SEne of Eh, viz. Cof. of C,

Is to the Racius;

So 1s the Tamgem of EA, wviz. Cot. of AC,
To the Tangent of K| viz. Cot. of BC,

V1. When the Sides of a Triangle are to be produced, 1t matters nct
towards which Part you produce them, if weither of the acute A’;z-'rfcf
are concerned in the Queftion. When ose is concerned, they muft al-%
ways be preduced thro’ the otber Angle ; but when o6zl the Angles en-

'
ts
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ter the Problem, the Sides are to be produced thro’ that Angle which
is adjacent to the Side in Queftion.

The SoLuTioN by the Catholic Propofition.

I. Firlt confider, as before, whether the Parts in Queftion be Lx-
Yremes conjunct or dzs;zz?zc,r

11 If one or both the Siavs comprehending the right Angle are con-
cerned in the Problem, then, inftead of the Sides themfelves, fet down
their Complements to a derdnt wherefore,

. 111 Since, by the Catholic Prepsfition, the Reffangle under the Ra-
idius and the Cofine of the Middle Part, is equal to the Re clangle under
the Sines of the Extreimes disjunct — and the Cotangents of the Ex-
“gremes conunc? : If from the Sum of the Logarithms of o Parts you
Hfubtraft the Logarithm of the zbird, the Remaindcr will be the Loga-
rithm of the Size or Tangent of the Side or Angle {ought. See Corol.

{ta Th. 1, and I p. 13.

:
P R OB L E M IL

. In the Refolution of right-angled Spherical Triangles, to determine
the Spmes of the Side or /.fﬁ’”‘/t tound
:

s

S OL U TT O N.

4 1. When the Hypotenufe and either of the Angles are given, the Spe-
scies of the other Parts may be determined by Properties 1X and VL.
‘Therefore Cafe 1. and II. are free of all Ambiguity.

{5, If the prot:maﬁ' and either Side be given, as in Cafe 111 and

.aIV the Aftetion of the ctber Parts is determined, as before, by Pro-
tperties 1X, and V1.

t 2. When both the Sides, or both the Anrgles are given, the Species of
*the sther Parts are knowi by Pioperties VI VII. VIII.  Hence Cafes
+IX. and X. are clear.

Ve X a Side (Ler) and an Ansle adjacent theréto be given, as in
*Caje V.and VII. then the Speucs of the ap pofite Side may be deter-
imined by Property VI, and from thence the Species of the Hypotenufe
Iby Properties VIL and VIII.

¢, But



2.6 Spherical Trigonometry.

. But when a Side and an Angle cppofite thereto are given, then tl

Spemes of the wrtnycn Parts cannot be determined, Therefore Cﬂ_/
VI, and VIIIL. are wholly ameizusus.

P R OBLE M IV "

In the Seluven of oAs 5.0¢- ciried Sphf:rlcal Triangles, to defenmn*
toe Speccs of the Side or Augle found.

S OL U T 1 O N

1. When two ngles and a Side oppsfite to ome of them ax’.
aiven, to find the Side oppitite to the ather, as i Cafe 1. pre
ceed thus: Add both the given Angls together and obferve thei™ ¢
Sum ; then to the given Srde add the /efler Arc of the Side found, 2
alfo its greafer Arc, or Cr?rzp/ﬂm’?;f and that Arc of the Side found "*’E
which, tuzef er with the Side groen, 1s of the Jame Affc@ion with tht;g
Sum of the Arzles (e, whote Sum is either greater or Jfs than s
Semicircle, as the Sum of the Angles is greater or lefs than two nﬁ'ht' =
%Pf'lea} s the frze Azc required. &
But i the Sum of the Side given and erfber Arc of the Side four.
be of the ‘{d.’.’* ulJC'Ch.w with the Sum of the ‘111"‘165, then the Cafe 1 I
CrbIgusl,

In like manner may the Ambiguity in Caf IV. (where tm"gE
S:des and an f? cle o f/:fc to ¢ze of them are glven, o ﬁnd the /fﬂg g
ctpofite to the m'bf'r) be cleared and determined — for zhar Value (whe-;
ther the grf*rz?‘er or }{’ﬂf’?” ) of the Ang le f@lc’?i'd which, together Wltl t]l
sngle grven, is of the [ame Aﬁeﬁlon with the Sum of the Sides (
whofe Sum is greater ar lefi than two right Angles, as the Sum 0iy
the S1des is greater or lefs than a Semicircle) 1s the zrue Value re
quirzd.

But if the Sum of the Angle given and ezfher Value of the AngL
found, be of the jame Spccms with the Sum of the Sides, then tm.
Cale 15 ambigusus.

3. The other Cafes, when folved by the Method here propofed, afs:
ear of all Ambifrmtlec:

L
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S CHOLTIU M

1 But it may not be improper to remark, that a Cafe which © ambi-
guoss i Uzgmwzzf.t; i, Is very often not fo when it occurs in Geogra-
by or A lronomy, &c. for the peculiar Nature of the Subjedt to which
g 15 applied, may fometimes determine it, when the Principles of Tri-
“gonometry €annot,

%
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A BSYNOYS 1S of the Loltrine of right-angled plaﬂe Iriangles.

&wEﬂ
TR
. N
O | ""‘ A
I : ‘ : MY A X Bf%:;f nm ;n\r
g v Rerdeus Ziarng € /f_.rf
S
x
S0 O &
:G:: c 5“& U;q:" The Hypotenufe Radius. 'The Bafe Radius, The Pcrpcndiculur Radius,
W IBCABSATBC::S5.C:AB  [R:BC.: T.C : AB  |A:BC:: R : AB
§§ A'CACSA:BC:: R :AC  |R:BC::S8c.C:AC T.A:BC::85cA: AC
a A BBCS.C:AB:: S.A: BC R BC  |R:AD:: T.A .BC
A*'UIA( SC:AB:: R AC Qu, C AC (R:AB::S5ccA:AC
il B (R AC :: S.A 7 BC <C AC T R TBC [SccA:AC . TA:BC
. 4;93_%\_}_3} . AC::SC:AB Sec.C: AC:: T.C: AB |[Scc.A : AC:: R : AB
1V 13 C;A' ‘ BC: R ::AB: T.CthenlAB: R :: BC: T.A then
_ABACGH R :BC::8c.C:AC R : AB::Sec.A: AC

A'E‘"‘-A CIAC: R ::BC:SAthenlBC: W - AC: Scc.Cthen
[BLAH R :AC::S8.C: AB R :BC:TC:AB
v[lALA CIAC: R -: AB: SC then

ABBC|IR : AC::S.A:BC

AB: R ::AC:5cAthen
R :AB:: T.A; BC

28
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b, : 5.C: AB
AcS.A HC SR AC

BC 5B AC SA BC.

1A AC —AC — B.
C B‘2|" e u T.LéB:T.(’ ZBthen

A BClsp aC..sA:BC

. ' B 2 2
¥l AC | C |hence BD, DC are found and the Anﬂr es by
Cafe V., of right- anglcd Triangles.
Otherwife thus.
A and {o for

ABxAC: Rq 12 XxZ e Sq P anyother.

N.B. BC-LAB4+AC)—AC=X
- 2 é——%_B:Z

} E 4 SY-

.. .
N = apprs o il v el
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A SYNOPSIS of the Doltrine of right-angled Spherical Tri

<

AHB
ol NS BPY
Tl B
| =
! E r'
AU HFN AR MAC::SFHSEC R-SAC :: : ~
*’t\&h“HBS.(:F:M’H TC TB um R : CﬁrAC Cnr AB
CIICLMSCF:sCL::TGF:TLM o{AC R::CotA: T.C
VABEDCSEC:SAC: . SED: ‘HB "R :SAG:t SC: SAB |
CIB' |INDESKE:SKD::T.EA:TDB C R:+Cot.AC : Cot.BC
| A} LMNCL:sCr: TL‘vI TFG R CofAC:: T.C:CorA |}
MHBJHBI&.(,L::.LJB..LM SH (o BC:R :: Col.AC: CollA B!
SCyAJVHEFNSAC:-AF::SBC:SHF [SAC -R::8BC: SA '
_ AOCAWRDMEDB:T.EA:SKD: S KE Cot.BC:Cot AC::R:Col.C
A QXD B N 3 0 R B 0 AL (55D CnilAB:R::CDﬁACECuﬂBC
VBl CICDEISAC:SEC 1 SAB:YED JSAC:R:: §AB: &C
A HBTBH:TCF::SCH:5GF Cot.AB:Cot.AC:: R: ColA_
o CRONDBSK 1 i SAE: Thu:T£A (R:Cot-C::Cut.BC: CotlAC
CRAWDESCD:SCR::TED:TAB [R:sBC:.: T.C. T,*A_B
A JLMISCM:SCGSML:SGF. h . Co{ BC : : $.C : Col:A
@ RS E :FS.r:F.b.bLj-'-"*-‘aF :SAL |81 . SBC: st.ac
AfVHAHATHR - TRC::SAH:SAB L[‘l TRBC :: R : SAB
Cl LMSCG SCMi:£GF:SML FGfBC:RHCGﬂA:SC
A nLnn:.GH:.BEF THB TV R:CfA:: CotAB: CottAC
A HESAH:SAB i THF: TBC {R:SAB:: T.A: T.AC
CIINGISAD-sAK :bO\.bI{E R:CollAB:+SA:Col C
AL i(_fii’t:ahl};b:lB::SE.LJ:S.H.C .0 5AR: R SAC
NCBAQUDLTED: TAB::SDC:>RC II.C: TAB::R : SBC
I | ¢ *~"r3“~:'tK-Q.%CJ::QKTE:!‘-.OI\ CofAB:R :: CofC:8&A 3
AB 1~ (i~ hz}\ﬁz*\.h&:.w.ubzhdf ¥ s ColLAB:: v ol.3C: Col AC
XpB+] A AHFMIAB:SAH::TBC:THF |5AB:R ::T-BC : T.A -
] ( E,DES.B‘:HS-DC::T-AB:T.DE___ ~BC:R :"T.AB :_T.C ! ..
A [A() LMITLM:TFG :SCL:SCF ITC:-CutA::R:CoLAC '
PO (UL \L'kl S G::SCM:S.CG SC:Col.A:: R:CofBC 3
A LN IS :SAO:S.. S.A :CollG:: R: CfAB S

_——— -*.‘
[ Y air s o xR
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SYNOPSIS of the Docirine of j%)bliqw Spherical Triangles.
: - A'-w:-f b

4{AB BC COf-C_ﬁB : C0£C+B :: T

1| B ABgCof(’_{_B Cof.

O & |
< &
3| & s
T B lACI.C:S.AB:: 5.B: S.AC, then
cl A C()fA AC Coi.%B;{—-AE::TCtE:CGt%

2 2 2 2
C—;B TEE T‘AB-l—AC
C-8 C—B__TAB+AC T@__@ AC
T2 2

ey T s il

again

C |AC

2
1BC A SAB 5.C:+8BC:S8.A.
i Co fBC +AB BL— AB Co - A+C then

I :
?IBC Cz BC—{-AB BC—-—H_AB . .§+C:T'A C
4

nl—

2

ABl A . Cof,

. T,

2 2 2
B{ACS.C: S.AB .+ §.B: §.AC

f AB/B IS.AB:S.C::.S.AC: S.B. then

] V A .

[[i ACC RC e found as in Cafe 1. .

ij* ABl A1 5C TAB—I—AC : TAB-—-A(; BD——-DC

1 ‘BC' 5 2

t |AG C thence BD . DC are found, and the Angles by Cafe 111,
‘ *{ of right-ancled Trlangles . Qr thus

4V A

O.ABxS.AC: Rg:: 5.Xx8,4Z : Sq ~

and {o for any other.

N.B. BC4+AB+AC—-AC=X.
; —AB=7Z

A1 AR [Convert th?Anﬁles into Sides by Cor. to

Avi| B | BC Property X. page 3. and proceed as

CI1AC| inCafe V.
* Lemma Th. IL T Lemma Th. IV.



