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The l-larmony between P/aJte and' 3pherical 
; frigononietry is clearly exhibited, and thereby 
all the Difficulties and Perplexities of the latter 
are entirely removed; fo that both are render'd 
egually eafy:: their i'imilar Cafes, being [olved 
by 'fheorems ma'terialb':; and almofl: verbally 
;~he fame, 
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FE chief Defign of this Tract (as the Ti. 
tle Page expreffes is to £hew the Harmony 

between plane and Jpherical Trigonometry. And 
the better to anfwer that Purpofe, the correfpon
dent Theorems of both are difpofed in oppofite 
Pages, facing each other; ""hereby the A gree-

: ment between them is rendered confpicuous at one 
,View. This Defign indeed takes up but a [mall 
Part of the T reatife, but the other Particulars 
here added are not, 'tis hoped, without their Vfe. 
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THE 

, 

ELEMENTS 

o F 
l 

• 

C HAP. I. 
D E FIN I T ION S. 

I. RIGONOMETRY is the Art of meafurillg or rcJolvillg 
<friangles. 

, . A Triangle is [aid to be r~folved, when fi'om three given Parts 
• (-either Sides, Angles'!", or both-) <l fOUl'th (-either Side or Angle-) 
is found out. 

* Except the three Angles of a plane Triangle; for there determine only the Proportion 
of the Sides, and not their ~lantiIJ' 

III. <frigollometry is either plane or JPherical; the firil refolves plane 
Triangles, the iecond Ji)bericalones. . 

, 

I S C H 0 L I U M. 
Inafmuch as for the refolving of Triangles, it is required, that the 

"Proportion which all the Parts of a Triangle bear to each other be 
· known, which really is not; for the Peripheries of Circles, (and con
fequently the :YIeafures of Angles in a plallc Triangle, and the Mea

: Cures of Sides and Angles in a Spberical Triangle,) could never yet be 
reduced to right Lines; l\'ldthematicians therefore, in order to remedy 

· this DefeCt, hwe appli-:d ccrtaia right Lines to the Circle, which bear 
· an invariable Ratio to t!le Radius thtreof. And thefe Lines they called 

. - rbords - Silles - '1a!!'Jo!!s a:ld Su'/mls. 
~ 

IV. A Chard is 3. right Line drawn from one End of an Arc to the 
': other; thus A G is the ClvJrd of the Arc A E G, and of the Arc AH G. 
• 

B COROL~ 



6 The Elements 0 Trigonometry . 

COR 0 L L A R Y. 

The CD':trd therefore of ::n .Lire, and of its Ccmpll'mmt to a Circle, is . ,-

t ... ~ / p," 
.lJ.I". ~.I.:. 

,~ ~,;"., l'~ e:·hcr ··:".f.f 0- .' ..... /':! .. 1. u •. i~ _ II It,.... .... / .i.. 
~ . 

\ - R' I,' , 1]' , ., -,'" .... ,., · ... 1·'· ... l')· ... )·110Il" c- 'r] J~"l' ',•. t1 . .... ~' ... u. '-- ~ J1 ",l '.L.t I} u. J(\., 1.: if!, 1 

c o n ,\. 

• • 

o L L A R 

C'l ' r 1 \ ' "' (. "'I )-, ,. .. ~ ..... _ ... - (' • 
. \.lU OJ. l ............... ~\"'-~ ., 

S C II 0 L I U !l.f. 
It appe:'.rs from Dif. 5' that every Sille (i. c. ri;;lJr Sine) is the haif 

or a Chord, and th2.t the Arc of the Sine is the half of the Arc of 
the l;"id Chord. Wheref:)re, bCC:lufe there is the hlmc Proportion bc
t',l~'ec;} n,'O H.lh·c~, as t112fC is btt\\'ccn their \\1holes, and the fiid Pro
rorti~;l kt\\TCl the ILh'es (:is being expreJ1ib!c in leis Kumbw) i,; 
muc;, c.:.licr to be C'.l1cuhted, th:ln the Proportion between their \ Vho1cs; 
her.cc (C:\"s Dr WELLS) Sines arc Ulcd r~ther than Chords in Tri~()n()-_ c 

I:12trid l',"lcuLtiom, and the Proportion of Sines (not of Cbards) to 
the Rdius is fet for:h in T rigonometrical T :lbles. , 

Y1. A. ,::'~FJ S:'i!,' is the Segment of the Di~meter intercepted be-
tween the rd;t Sine ~:;d the Arc. Thus CE is the ,,:crF·d Sine of the , . 
J'e' :\ E, ::r.d CH the ~:.rrd Sf!:,' of its Sl!ppIL'lih'llt A H. 

YII. The T,;';- '1:: of 2i1 Arc is:l right Line drawn f,er}1endicular to c , 

t;-Le lJiJ.n1cttf, touchin~ the Arc t:t or:c End, and produced till it 
r> '\ .-:. C. t-:::: 
J •• I.....~_ 

YIII. The S:,«(',.'.". "';1ic:1 is a right Line dr~l\\'n from the Center 
th:-o' the (·ther End e,f tl~:: f~!J .tire. Thus ED is the Tangent, QEd 

BD ' - ',., E •. ~ ".-_ ..... r,~ I-I-e ' .. _' • 
I.. 1 H .• 0C 1,.[, /., v1 Ll.. ~:u l. _""1 • 

- SCHO~ 



Spherical Trigonometry. 7 
S C H 0 L I U J\1. 

It is to be obfcrved, that as the Sine of an Arc, and of its SlIpplclIlrJ!t, 
is the [ame; [0 the 1'tmgCl:t or SeclInt of any Arc, and of that Arc'" 
SuppkJIICllt, is the ;tllllt' likewi{e. 

IX. The Coft'lIe, CotalJr;nzt, and Co(ccilIzf of an Arc, is the Siile, 
• L • 

<Jmrr"Jit, and Sewilt of that Arc which is the COlllplclllClit of the for
mer" Arc to a Q!!adrant. Thus, F A, the Sille of A K; K L, it, Tall
gellt; and B L, its SI'L'cmt; are refpeaively the Cajill(" C?tallgcnt, and 
CQ{t'calit of the Arc A E . 

• 

C HAP. n. 
<[be PROPERTIES or AF fECTIONS if Spheric:!l 1riilJlzk.i. 

D E FIN I T ION S. 

1. Spbcrical Triangle i3 that which is comprehended under three 
Arcs of gmlt Circles intcriccting each other on the Surt~ce ot 
the Spoere. 

II. The Mea/1m' of a Spl'erical Allgle is an Arc of a great Circle 
intercepted between the Sides comprehending the Angle, the Pole of 
that Circle being the allgular Pr,;ili. 

PRO PER TIE S. 

• 1. In every Spherical Trian~le each Side is /cjS tlun a Semicircle . 
II. Any two SiJ,s t.lken to~ether are gi'eatl'r tlun the tbird. 
III. The tbree Sid"s tlkcn together are lejs than a whole Circle. 
IV. The lb.-co' Alig!"s taken together arc greater than t'wo right AIZ

gkj', and k/s than F.;. 
V. The greater Angle is fubtended by the greater Side, and the 

"'IFI' Allgle by the IjFr Sid'. 
VI. In a right-an~led S?hcric~l Tri:mgle, the Allgles are of the: 

JlIlie Affection with their 0Pf'0/1tt' Sid"s; that is, if the Sides are equal, 
gr,'['(,'r or Ids than Quadral~ts, the Angles oppoiite thereto are equal, 
gm;tr'r or Ills than Rig,ht Angles. A.nd v. v. 

VII. If the two Si,/"s of a ri~ht-angled Spherical Tri::.r::;lc be of the 
}iJi:,. ,\ft~chJl1, (and confequentlv the /lllglf.:) that is, if they are bath 
ItY;', or b~tb greater than a Quad,ant, tht: Hypote!lllJe will be kIs than 
a Quadrmt. 

VIII. But . ---_ .. _ .. 



8 Plane Cfri{J01!rWJ1ftry. -,--r-'" --- .,... c'_· • -
"'L~· ...... -"t···" -,-I ' ,~~.:.. ,Il,ll l.J ... ~"\J u., r.' , .1'.,', C,!rl'~':' , . . - . , . . . . . 

,. .•. ~.).-.,., . .,.... Jf' '-'-"1'" . ;·,1,1, 
I. >0 •••• __ • ", ....... .l .', \,_ • '_, ..• , .... 

C 0 o L L A R y, 

11>:: it L::'W;3, tL~, \vh::n the three Angles of a Spherical Trian~ 
~~: .. '~:: ;i\'-Il, ~l: tI1~;:~ :,~,!,s of the recipiOcal Triangle will be .known; 
tOi the t\·:,o I}.;' Si,:,'; " .. :.1 be r'::lj.'cctively qual to the two lefler, or d

(1,:,' .,f::-io·:, duJ th~ gr,'a:."! 5;/,' to the Supplt'11Ie11t of the greatll, or 
('~/~/( .A;/~j'. .• 

C HAP. III. 

N erery rig[i-aiig!~j plalle Triangle, any of the three Sides may be 
m:lde Rad;u;, and then the two other Sides will be as Sines, '[a11-

[,enti, or Sr-C4I1tS, "-S appe.1rS from the following 

THE 0 REM. 
If the H."y;t';!;Zt{c' be made Radius, the other two Sides are the Sines 

0f their cpP?fitr: Angles; but if olle of the Sides (i. e. the Bafe or Per. 
tm:!;cu!cr) be nude Radius, then the Qtbi:T Side is the <{angent of its 
cppcfito' All:!,!?, wd the Hypotenufe is the Secant of that Jame Anglt!. 

This will appear very clearly, if the Figures in the S)"zopjis be 
compared with Dif. V. vn. VIII. 

S C H 0 L I U M. 
It may be of {orne uie, to apprize the Reader in this Place, that there 

is in the Trigr;ncn:c'frical Cai/:n, or Tables, a Triangle exac1ly jimilar to 
the Triangle prcpofed to be {olved; and upon the Similarity of thcfe 
Tri,wiSles <ill Trigoilomctrid Operations are grounded. Wherefore the 
Triangle prorofed to b:: refolyed is always confidered in a double ReJPeCl: 

. r. As 



• 
• 

-, 
, 

" -. 

• 

Plane 7>if(onometry. 9 
- t. As the Gi"'fn Triangle ~Inc~ 2 .. \5 the Canonical Triangle = " and 
then racb Side (as it is obfi:r\'.lble in the ior~mentioned Figures) has two 
Denomirutions; the ont: Ji.-:.I and Uilcbmzg:abk, viz. HypotelZuje, Bafe 
and Pcrpmdiclilar; the other contiIlu;t1ly dWlgillg, according to the 
~idc made Radius. But the Denomination of any Sde (under this [e
cond Conlideration) may be readily known by the Word annexed to it. 

... -

• 

'.~H:AP .. 
. --- -.~ 



10 Pla/?e :rrigollometry. 

c A P. IV. 
rn" r:rr;gGl1~!iI(tri"d 0~/:(,ij;IS if right-angled plane 'IritlilgiL'S. 

'""" HE C4'; of rigZ,t-ai!:;lc,1 Tri.ln51es are fix; aU which may h: 
{oJ red by the following 11,'ci'(lIIi. 

THE 0 REM I. 
A, Radiuc, 

I;; to the H ypotcnu(c ; 
So is the Sine or either of the oblique Angles, 
To its oppofite Side. 

viz. R: AC:: S.C: AB. Fiz. I. 
w 

THE 0 REM II. 
l\s R3.dius~ 
Is to the Bal"'c ; 
So io the T:mgem of the :1djacent Angle, 
To the Perpendicular. 

viz. R: Be:: T.C: AB. Fig. 2. 

S C H 0 L I U M. 
13y introducing SeCllnt; into the Amlogy, we have this addition~,l 'Jlx<l~ 

,m! for the Solution of 3.11 right-::mgled Triangles, rc'iz. 
As the B.,(c, 
Is to Radius; 
tio is the H ypotenuf.c, 
To the Secant of the adjacent Angle, ,see Fig. 2, 3' 

• CHAP, 



Spherical Trigonometry. II 

C HAP. IV. 

Tbe Trigcll?lJldriccl So!id irlli cf right-angled Spherical Triallgles. 
HE CaleS of rig/t-m.'::,;",t Triangles are ten; all which may be 
iolved by the two followin; T/.>,'m:ms. 

T II E 0 REM. 1. 
As Rad:u5, 
Is to the ~il1c c;- the Hyrotc:iUfe; 
So is the Sine of either of the oblique Angles, 
To the Sine: of its oppotite Side. 

, \'1'" I? . S ~'C·· c; r. S ',D ~. ..... ,.i"1.. •• v.'-. . .. .l • fig. 5. 

COR 0 L L A R Y. 
Hence it follows, th~,t, if 

I. An Ailgk an,1 its Gfjv;!ifL' SiJ" 
,2. An ./111[/,' 2.11d the 1('j)"t. 

i The I~\'p:;tt'liuP 
'~ The Gj)/!?/itc· Sid.: 

3. The Hypo!. and one Side ,g The GjJpq/te Allgle 
• 

T 1I E 0 REM n. 
As R;:Liius, 
Is to the Sine of the Bafe ; 
~ll is the Tangent of the adj~ce!~t Angle, 
To the Tangent of the Perpendicular. 

viz. R: S.BC: : T.C: T.AB. Fig. S. 

COR 0 L L A R Y. 
Hence it follows, that, if 

I. The !:i.'o Side,; ~ o' The two aCll!e Ailerl"s '( 
2, An AI/glt' and the ar/ji!w?! Side ~ t, '- The ail,r Side U 5 m'l l-o foun". 

-
S C H 0 L I U M. 

Tho' there is an exact Harmony between plall,; and JjJberical Trigo~ 
-n rJl11etry, with regard to the TbeorCIiiS whereby th;s 0jJt'cies of Triangles 
is rcfolved; yet it muil: il:ill be confclTed, that, with regard to the SO/Iltioll, 
there is this j/Ilall D~/Frc!Zce between them; r.·:'z. that in refolving plane 

. 'Ii'iill?gli's we may ufe either Sines or TtIllgents (i. e. Theorem I. or 2.) 
hditTcrently; \,yhereas in /p/.Jerical Trigo"IOlilfti)', the Cafe that is folvable 
hy Sines will not admit of a Solution by TallgeJlts, nor that which is 
lolvJble by 'Ta1!gents of a Solution by Sines, 

, CHAP. 
, , 



12. Spherical Trigonometry. 

C HAP. V. 

Of the Solution if right-angled Triallgles, by the fiw Circular Parts, 

D E FIN I T ION S. 
1. \,E R Y Triangle confiils of fx Parts, viz. three Sides and three , . 

Anglcs; but omitting the rigbt AlIgle, as being always keown, 
--1-the ji,:'" remaining Parts, ",:iz. the HYP(jtem1Z', the ~wo oblique Angles, 

and the Ci;:;~!""1fJlts of the f",'Q Sides, are called Circular Parts . 
• n. In the Refolution of every Triangle, ',1.,,-e,; of thefe Parts come 

ah,:-"y:; under CO;J;ideration, 'Z:iz. the f7.i-'? Parts fIJ"JC1I, and the third r,'-
• c 

fJiiird; thJ.t which i, JituJted in the Middle, between the other , 
n,'o, is c::.lled the ],Jiddir! Part; and the other two, between which it 
b iitu:.1tcd, are c2.11ed E.i:trr.:iiu Parts. 1 

III. \Vhen the Extreme Parts lie CGllti'guollS, or are conjoilled to the 
JEd,!/:- Part, the~' J.re called Extremes COI?iUil8 : 

IV. but \,'hen they J.re di{j~illcd from it, that is, when allother Part 
interDol~th on toth Sil,s between the Extreme Parts and the Middle , -
r,/i':, then thevare called Extremes Disizm8. , . 

COR 0 L L A ~ Y. 

S C H 0 L I U M. 
Tl:e Right Ansle being ~lwJ.ys known, is therefore ejeCted out of 

t;;e Circul.lr P;:rt3, and the ~ides by which it is comprehended are con
Herd as im;l1Cdi,lteiv 3dioin:ng: dnd hence it comes to pa[-, that - - , 
t~,o' ,he rig;-,t ,-\;.;k 11:;;:1ds bct\\-een Be (Cale I.) and AD (Cale s.) 
;;0],: t];c mi3d::: l'.!rt, yet they are i~pp('[ed to be really conjnnc.t. 
T::e'~ T::ir:;, premi!ed, all the Cal~s of right-angled Triangles may be 
e:.1iiy al,,j 1::~pcL~;tiO\;;j:: foi';:::d by the following Theorems . 

• 

THEO-



Spherical Trigonometry. 

TIlEORErvI J. 
In all right-~l1g1cd Sphcricd 1 '!ill1:;lcs, the Rcch:lglc under thc R:I# 

dim, ;lIlel the C?/ille of the miJJi,' Pili t, i5 C(lual to the Rc:[t'1l1g1e UI;,;";" 

the Silles of the Extrcilh'S dhizfilCf. , 

COR 0 I. L A It ,'. 
Hence it is evident, that, if from the S:::ll of the Lo~aritlll1!s of tl:,~ 

Radius and the Cajilh' of the lJ.'idJk Part, \'OU 11i!;!r,!"'! the Lo~;\ri:hl;l 
of the Sille of citbcr of the li,xtr(JIII'S disjim8,' the R'llhlil:./,'i' \\'ili be 
the Logarithm of the Sllle of the of!'er. 

THE 0 REM II. 
The ReCtangle under the Radius, and the Co/ille of the lliiNI.: Part, 

is equal to the Rectangle under the Cotangents of the Extremes cOlljulZ:i. 

COR 0 L L A R Y. 
Hence it follows, that, if from the Slim of the Logarithms of the 

RadiltS and the Cojilll' of the middle Part, you jit/'frail the Logarithm 
of the Cotallge}]t of "lfb,,!' of the Fstrml<,.r raJ!iztJZil, the Remaillder will 
be the Logarithm of the Cotallgellt of the atber. 

SCHOLIUM I. 
When a Complement happens to COllClir with a Complement in the 

circular Parts, then the Sillt', or the TallgCllt, infiead of the Ctjillf or 
Cotangent, is always to be ufed in the Proportion; for the Cq/illc or Co
till/gmt of the C?lIJp/t'IilClit of an Arc, is the Sine or TlIllgmt of tbat 
Arc. 

S C H 0 L I U M II. 
If we confider the Sides of jJlallc T rianglcs as the Silles or Cfa.'Z:'CIlts 

of the Sides of Ipberica! ones, and apply to thq{" what bs beer. "'here 
advanced of tb~{t" the Harmony between both will be ililt confpicucus. 

See \Volfius's Trigonometry. 

S C H 0 L I U M III. 
The Lord N API ER, who was the firl1: Inventor of this Method, 

makes ufe 1)[ the Sides tlxlIJjc'hit's, and for the Hjpotcmif! and obl:JIlt' 
Angles inJerts their CO!llple!ll::tlts in the circular Parts; whence he deduces 
thefe Theorems. . 

c THEO-



14 Plane 7'rigonometry. 

C HAP. VI. 

Tl-, Trig~Jl"iiletrical Solutions if oblique-angled plane Triangles. 

HE Caks of ob/i?IIC-a71glfll Triangles are four, all which may be 
[olved by the following '!Z,CQrflJls. 

THE 0 REM I. 

As cne Side, 
Is to the other; 
~o is the Sine of the Angle oppotite to the fidl: Side; 
To the Sine of the Angle oppoJite to the other. 

viz. AB: AC: : S.C: SoB. 

COR 0 L L A R Y. 

Hence it appears that, if 
!. Two Sidd :lnd the Allgle eppe! r:." r I. The Allgle OPPojtCI 

• 

to one of them 3: to the other may be 
::. Two Anglos and the Side oppif. t·s; 120 The Sid,; oppqftc I found. 

to one of tbem J,.g I. to the other J 

LEM~ 

• 



• 

• 

• 
• 

; 

• 

Spherical Trigonometry. 

THEOREM 1. 
The ReCtangle under the Radius, and the Sille of the middle Part, 

is equal to the ReCtangle under the CoJines of the E:dl"L'iIICS dif 
JUI1D • 

THE 0 REM II. 
The ReCtangle under the RadillS and the Sine of the middk Part, 

i, equal to the ReCtangle under the 'fclIlgozts of the ExtrcJJlc-f COIl

j/ma. 

C HAP. VI. 

'fhe 'frigollomctrical Solutions of oblique-angled Spherical Triallgles. 

HE Cafes of oblique-angled Triangles are fix; all which may be 
folved by the following 'Theorems. 

THEOREM 1. 
As the Sine of one Side, 
Is to the Sine of the other; 
So is the Sine of the Angle oppofite to the firft Side, 
To the Sine of the Angle oppofite to the other. 

viz. S.AB: S.AC : : S.C : S.B. Fig. 6. 

COR 0 L L A R Y. 

Hence it appears that if 

to one of them ~ 
2. Two Angles and the Side oPPof. 'M 

to one of them ] 

to the other may be 
2. The Side oppojite found. 

to the other 

Ca LEMo 
• • • • 



Plane :trigonometry. 

L E 1\1 l\I A. 

If :lny one Angle of a plane Triangle be fubtraCted from I So Degrees 
or ::: Right Angles, the Remainder will be the Slim of the other two 
_-'-ngles, (32. El. 1. Cor.) which divided hy 2 gives their Half Slim in 
t:;c Quotient. 

THE 0 REM II. 

As H<llf the Sum of two Sides, 
Is to Half their Difference; 
So is the Tangent of Half the Sum of their oppofite Angles, 
To the Tangent of Half their Difference. 

Yiz. ~C+AB : BC-A B ; : T. A+C: T. ;\-l~ 
2 z. 2. :: 

Fig. 4. 

COR 0 L L A R Y. 

From hence it follow5 th<lt if !:;.'? SUI'S and the AII:rle iI!C!II,/t-d te-, , v 

:~'(,;Z tbml be given, elCh of the other two AligL' llUY be found; for 
their H,;fF Siln, Kill be found by Lemlllll, and their Half DUFrmcc by 
Y:·.70iJ 2. from \\"h~nce ,by Prr;bkm p. 20.) the Angles tboIU;'h'cj may 
be found. 

S C H 0 L I U;Vr. 1. 

Jnlread of TDfOrf!l1 II. the following may be ufed, viz. 
1. As the leiTer Side, 

Is to the greater; 
So is Radius, 
To the Tangent of an Arc. 

~. liS R~diu5, 

L to th:: Tangent of that Are, Jds 45 Q 
; 

So is the Tangent of Half the Sum of their oppol1fe Angles, 
To the T angcnt of Half their Difference. 

SCHO-
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L E 1\1 M A . 

. As the Coline of fhlf the Sum of two Sidcc, 

Is to the Cof:ne of I hlf their Ditfcrencc ; 
· So is the Cotangent of Half the included Angle, 

To the Tangent of H,tlf the Sum of th~ir oppolitc AngL·c. 
... Be + A I3 . C . I3 C - A B .. C 13 . l' i\. + c 

\ 12. Cof. , 01. •• at. - . .-'--
2 2 2 2 

FLO" 6 0' • 

T II E 0 REM II. 

As the Tangent of I-1M the Sum elf two Sides, 
Is to the Tangent of Half their DifF~rcncc ; 
So is the Tangent of Half the Sum of their oppolite AngLo, 

· To the Tangent of Hllf their Difference.:!' 

\
'I'Z. BC+:\B. BC AB .. A+C.T_A-_C T. ' . T. , . T. .. , 

" - -
Fig. 6 . 

... i, e. when the Sl'ill uf tlt...· tW0 Si~ks i~ /,ji th::ttl a S,·JJ;i .. ;rt,',·; when grw!n", take 
their S"pphlllmIJ, JnJ the 01'0:1";:1011 will proJucc the Supple-lI.mts of the Angles fougl:! to 
two 1 i~ht Angles. 

COR 0 L L A R Y. 
• 

Hence it follows, that, if t-;~·o Si,z'cs and the i!lc!uJ"d Allgll! be given, 
each of the other two ./liigl,·s may be known, tur their Rdl' Sum will 
be found by the L,'lIIl?hl, and their Half DU1;'rt'llc" by the 'Tbeorelt7, 
from whence (by Probkm p. 20.) the Angles tbcii~(cl;ys will be known. 

•• 

• 

• • , 

;3 · , . 

.J 
,~ 

• 
• 

S C II 0 L I U M. 

Infl:ead of 1Zwrc/ll II. the following may be ured, viz. 
I. As the Sine of the leffer Side, 

Is to the Sine of the greater; 
So is R adi us, 
To the Tangent of an Arc. 

2. As Radius, 
Is to the Tangent of that Arc, lefs 4 So; 
So is the Tangent of Rdf the Sum of their oppoiite Angles, 
To the Tangent of Half their Dili'erence. 

From 



Plane Trigonometry. 

S C H 0 L I U M II. 

This Theorem is purporely inferted on account of its great Ufe i 
Aihonomy. 

o 

From the gre:;tei1: Angle of an oblique Triangle let fall a Perpend. 
cuhr on the Bale, dividing it into two Segments, then t 

T II E 0 R E 1\1 III. 

As Half the Ba!e 
Is to Half the Sum of the other two Sides; 
So is Half the Difference of thofe Sides, 
To H:llf the Ditt"erence of the ~egments of the Ba[e. 

o BC AB+AC AB AC BD DC 

-

\ 
VIZ. : ---'--- :: : ---

2 2 2 2 F· , 19. ~ : 

" , 
COR 0 L L A R Y. 

From hence it follows, that, if the thra Sides be given, the fl'!1 

Angl"j may be found. For the S''glllt'llts of the Bafe will be given by th3; 
Tbecrt'iiI: and now the oblique Triangle being reduced into two righ: .. : 
angled one" wherein the B4e and H),potclIufe are known, the /lng; , 
will thence be given by the Refolution of Cafe V. of right-allgli .. 
Triangles. 

S C H 0 L I U M. 

The FraCtions which commonly happen in the Segments may cau:: 
an Error of {orne :\1inutes in the Angles; wherefore the following,] h,'; 
mil is to be preferred (both for Accuracy and Expedition) in the Solu 
tion of this Cafe. 

o 

THE 0 REM. 

As the ReCtangle under the Sides 
fought, 

~ 

Is to the Square of the Radius ; 

comprehending the 

o 

, ' Ang . .'! 



Spherical Trigonometry. 

From the greateit Angle of an oblique Triangle, let f.tll a Perpendi
cular on the Bafe, which will divide it into two Segments; then, 

THE 0 REM III. 

- • As the Tangent of Half the Bare, 
, Is to the Tangent of Half the Sum of the other two Sides; 

So is the Tangent of Half the Difference of tho{e Sides, 
To the Tangent of Half the Difference of the Segments of the Bare . 

. T BC. T AB+AC .. T AB-AC. T BD-DC. 
V1Z.. • .• F' 6 
:, 2 Z Z Z < 19. ,. 
" 

•• , COR 0 L L A R Y. 

" From hence it appear;:, that, if the tbrcc Sides be given, either of the 
. tbree Anglts may be found. For the Segments of the Ba[e will be given 
by this <Jheorem; wherefore the oblique Triangle being reduced into two 
right-angled ones, wherein the B~/i: and HypotclZllte are known, the 
,.Angles will be given by the Refolution of CaJ: III. of right-allgled 
Tri',l1gles. , ~ 

S C H 0 L I U M. 

, As the Refolution of this Cafe by the foregoing Method is very te
dious, we {hall therefore add the following Theorem; by which it may 
be [olved at one Operation. 

THE 0 REM. 
, 
i As the Rectanale under the Sines of the Sides comprehending the 
'Angle fought, 0 

, Is to the Square of the Radius; 
~ So 

, , 
• • • ., 
• 
J , 

.j 
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2.0 Plane Trigonometry. 
So is the Rectangle under the Differences between thore Sides and tt 

Half Sum of the three Sides, 
To the Square of the Sine of Half the Angle [ought. 

yiz. ABxAC; Rq;; XxZ; Sq. ~ 
2 

N.B. 

Fig. 4. 
BC+AB+AC 

, 

2 

PRO B L E M. 

-AC=X. 
-AB=Z. 

The Half Sum and Half Difference of any two Q£.antities beir 
giren, to find the Quantities themfelves. 

SOL UTI 0 N. 

• 

r. To Half the Sum add Half the Difference, the Aggregate (Sur 
of both) will be the gNat"r Quantity. 

2. From Half the Sum fubtrac7 Half the Difference, the Remaind; 
will be the ldj,r Quantity. 

CHAr : 

-

" , 
, , 
, , 

, I 
, 
, 

, , 
, 
, 

, 

l > 
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• • Spherical 'TrigOJ10met'J" 2 I 

So is the Rectangle under the Sines of the Differences between tho{e 
Sides and the Half Sum of the three Sides, 

To the Square of the Sine of Half the Angle fought. 

viz. S.ABxS.AC:Rq:: S.xxS.Z: Sq. ~ F' 
2 Ig. 5· 

N B ~C+AB+AC ·-AC~X. 
. . 2 -AB Z. • 

L E M M A . 
•• 
~ As the Coline of Half the Sum of two Angles, 
., Is to the Cofine of Half their Difference; 
• 

· So is the Tangent of Half the interjacent Side, 
: To the Tangent of Half the Sum of the other two Sides.* 
· . C+B. C -B.. BC. AB+AC 
VIZ. Cof. . Cof. . . . T. . T.--"---

222 2 Fig. 6. -
· .. i. e. 'When the SUM of the Angles is left than two right dngles-when greater, take 
.their Supplement.', and the Operation will produce each Side's Supplement to a Semicircle. 

THE 0 REM IV., 

As the Tangent of Half the Sum of two Angles, 
Is to the Tangent of Half their Difference; 
So is the Tangent of Half the Sum of their oppofite Sides, 

, To the Tangent of Half their Difference . 
.. viz. T. C+B: T. C-B :: T. AB+AC ~ T. AB A~ 

2 2 2 2 Fig. 6. 

COR 0 L L A R ~ 
• 

From hence it follows, that if Nco Angles and the interjawlt Side be 
· given, the other two Sides may be found. for their Half SUlll will be 
: known by the Lemma, and their Haff D~f/ermce by the 'theorem; 
.• whence (by Problem p. 20) the Sides themfelves will be known. 
• • , 
• 
• • 
\ 
• • 
• 
• 
j 

! -J) CHAP. 
• 



Z2 Plant o11d Spherical rJrigrlfJometry. 

e Lf I P VII LL ~'-1 .L • • 

OJ tLc Solutions if Trigonometr;c.!l Problems. 

_ 7 <ill TriZ";>lw/;·ic'.?! 0f'i"c;h;;; there are a1w:.ys thNe Things given. 
to find a pur:!.·; . [uppoling the Ra ius in r ght-angled Triangles to 

b~ or:e,. Thde three gil'en Terms are to be fa il:Jted, thrlt the [une Pro· 
portion there is between the hill and iecond, may likewilc exiil: between 
the third dnd fourth, whi~h is alwJY3 the Tam Iougb!; and theref()r~ 
~.nci;:ljt]y (as in ;,ll oth~r Cafes in the Rule of Proportion) the Mctho( 
W:1S, tr, mult;Fly the lecOlJd and third Terms into each other, and di, 
vide the l'ro,:;uct by the Ed; the Qpotient was the Anfwer to the 
Que11:ion. But now tnce the admirable Invention of Logarithms (the 
Nature of which is fuch that Additioll performs the Office of Multipli. 
(ati~n, and SubtraClian of Di"Jijion) there needs only to add the Loga. 
ritbms of the fecond and third Tenns together, and from their Sum to 
fubtraB the L~garitbi7l of the firft Term, and the Remainder will h 
the LQgarithn of the fourth Term required. 

But for more Eate and Expedition, 
\Vhen the Radius is not in the Proportion, then, infiead of the Lo· 

garithm of the 6rl1 Term, i~re(r, fet down its Arithmetical Complemell: 
(i. e. wh:lt e~ch Fi;urc but the lail: wants of 9, and that of J 0.) ani 
add all the three Terms together, the Sum, (fubtracting Radius)) i: 
the L,gt7r:'thlJ of the fourth Term {ought. 

If the Logarithm of the Term fought illOUld not precifely corre· 
fpend with allY Logarithm in the Tables, it is [ufficient for ordinary 
PUfpol-;;s to take the nearell to it. But where great ExaCtncfs is re
quired, you mull rroportion the Difference as the Nature of the 
Ca:e dem,"nds. 

In il:.lting the Terms of the Analogies, you are carefully to obferve 
, c 11 . t!1e 10. owmg 

PRE C E P T S. 

1. \Vf,en a Side? is required, begin with an AI1t,le; and, on the con
trary, when an Atzg/e is required, begin with a SIde; then, 

II. Ccmp"'~c a &.lc to its cpp?ft,' Aligle, and :1n Allgle to its oppo}lt':., 
Co' . 
1.)1(1(. , 

, 
I ~J 

" 
• , 
• , 

SCI-! 0-" 
, >.! 
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Plane alld Spherical Trigonometry. 23 

S C H 0 L I U M. 

By an Angle I mean the Sille, rangmt, or S.'COlit of it. By a Side, 
,(in Sph. Trigon.) the Sine or '1;mgCllt of that Side. 

, 
•• 
.-
<. 
,'.-' 
• 

I • • 

PRO B L E M I. 

,Ii In a rigbt-angled plalZt: Triangle, any two Parts (as the Side BC, 
,and the Angle A) being given, to find the ofber Parts. V. S),lZ?pJis, p. 28. 

• 
~ ,
" • 

• • • 

" SOL UTI 0 N. 

:.: I. Confider which Side is mofl: proper to be made Radius, whether 
:the Hypotemtfi, Bap, or Perpendicular. 
; II. If the HyP?toIlU~ be made Radius, (Fig. 1.) the Analogy 
"will be 
": 1. S.A : BC :: R: AC . 
•• • 
", 2. S.A : BC : : S.C : AB. 

• 

· III. If the Bafi be made Radius, (Fig. 2.) the Proportion is 
1. R : BC :: T.C : AB. 

• 

· 2.R:BC::Sec.C:AC. 
• IV. If you make the Perpendicular Radius, (Fig. 3.) the Solution is 
.performed by the following Analogy, viz. 
: 1. T.A : BC :: R : AB. 
: 2.T.A:BC::Sec.A:AC. 
, ,~ 

• 
'" ... 

• • , 
• 
• 

PRO B L E M II. 

i In a right-angled Spherical Triangle, any two Parts (befides the right 
,Angie) being given to find the other Parts. V. SJllopjiS, p. 30. 
• · , .. 
• 

• • 

• 
• 

I 
• 

The SOLUTION by the common Rules. 
' . 

• 

; I. Firfl: confider whether the Parts concerned in the ~ellion be 
iExtremes conjunct or disjunct. 
I II. If the Parts be Extremes disjunct, and oppojite to each other; 
i D 2 e. g. if 
! 
I 



Spherical Trigonometry. 
e. g. if the H.l"pctmufe A C and the Ang!e C be given, to find its 
cPi'?/tc Sid, A B; thm fay by J ht'orcll1 I. 

As Radiu>, 
Is to the S;r.e of the H ~'potenu[e A C ; 
So is the Sine of the Angle C, 
To the Sine of its oppolite Side AB. 

III. But if the Perts be Extrellles disjlillCl, and !lot oppofite; for Ex
aGlple, if the Side B C, and the alijacent Angle C, be given, to find 
the Gti.w Allgle A: Then the Sides of the Triangle are to be continued 
tm they become Quadrants, and !hereby form a ne70 Triangle, wherein 
the Parts concerned in the Problem are Extremes disjunCl, and oppo
)itf, as the Triangle FCC; in which are given CC, the Complement 
of the Side B C, and the Allg/e C, .to find C F, the ComplemCJIt of the 
Angle A; therefore fay as b~fore, 

As Radius, 
Is to the Sine of the Hypotenu(e CC. i. e. the CoC of BC; 
So is the Sine of the Angle C, 
To the Sine of its oppolite Side FG. i. e. the CoC of A. 
IV. If the Paris be Extremes conjunCl, and the Hypotellufe alit of the 

Queil:ion; for infunce, if the Sides AB and BC, be given, to find the 
Angle C, the Rule is, 

As the Sine of B C, 
Is to the Radius; 
50 is the Tangent of A B, 
To the TaJ1~ent of C. Theorem zd. 

~ 

Y. But if the Parts be Extrcmes COlljllllCl, and the H.)'pott'llu{e con-
cerned ill the Problem; as if the Hypo!t"IIufe A C, and the A:lg/,' C, 
were gi\'en, to find the (/.1jccmt SiJe BC: Produce e:lch Side of the 
T ri:logle to a Quadrant, in order to find a 1/e.-:1J Triangle, wherein the 
H.rr!C;;ii.fc' is fxc/udtd cut of the Problem, as the Triangle E A K, 
wherein are given EA, the C~llIp!mIOit of the Hypotenu(e AC; EK, 
the Comp/oHm! of the Angle C; to find the Angle K, the Compie1Jlc.'i:. 
cr t],e 5ide tought BC; therefore the Rule is the (arne as before, 

• , ~. f E T' • C' f C ."15 tne ,:ne 0 1\., \"lZ. 01. 0 , 

Is to the R.ldius; 
~o is the Tangent of E Ii, vir. Cot. of A C, 
To the T:lngent of K, viz. Cot. of BC. 

VI. When the Sides of a Triangle are to be produced, it matters nc! 

towards which Part you produce them, if neither of the acute Ang!c\ 
2fe cODcerr.d in the Quei1:ion. \\'hen aile is concerned, they muft ~I·i, 
ways ~e pleducd thro' the other Anble ; but when both the Angles en·', 

to· ... , 
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Spherical Trigonometry. 
, 

., : 
• • • , 

~ter the Problem, the Sides are to be produced thro' that Angle which 
'is myaceJ/t to the Side in Queil:ion. 

'{he SOL U T ION by fl,' Catholic Propofition. 
• 
• , 
· 

i I. Firll: confider, as before, whether the Parts in Queil:ion be Ex-
~rClIlt's cOlljllllEl or di~i1/J/a. 
· II. If olle or both the Side; comprehending the right Angle are con
cerned in the Problem, then, infl:ead of the Sides thclI:felvcs, fet down 
their Complements to a OQadr ant; wherefore, 
· III. Since, by the Ciltholi" Prcp?f'tiQII, the ReEfallg!e under the Ra
MillS and the Co/ille of the Middl,; Part, is equal to the RciJaJlgle under 
.the Sines of the Extreillc; di!jztl!c7 - and the Cotan'Tents of the Ex-, . ~ 

'tremes cOlljunEl: If ii-om the SUIJI of the Logarithms of two Parts you 
ffubtraEl the Logarithm of the tbird, the Remainder will be the Loga
irithm of the Sine or '{ai/gent of the Side or Angle fought. See Corol, 
ito 'I'h. I. and II. p. 13. 
, 

) 
, 

• PRO B L EMIlI. 

; In the Refolution of right-angled Spherical Triangles, to determine 
the Species of the Side or AlIgle found. 

I 
• • · , 
, S · o L UTI 0 N. . , .. . , 

~; J. When the HypotC.'lllj'e and either of the AlZgles are given, the Spe
~cies of the other Parts may be determined by Properties IX and VI. 
:Therefore Cafe I. and II. are free of all Ambiguity. 
• 2. If the H."potl'nll[e and either Side be given, as in Cafe III. and 
9V. the AffeCtion of the ather Parts is determined, as before, by Pro
!peI"tics IX. and VI. 
! 3. When Doth the Sides, or hoth the Allgles are given, the Species of 
ithe oti'cr Pdts af(~ known by Pi"cpm'ics VI. I'll. VIII. Hence Cafes 
~ IX. and X. are clear. 
.! 

; 4. If a Side (Leg) [,nd an AlIgle adjacent thereto be given, as in 
; Cafe V. and VII. then the Species of the oppo/ite Side may be deter
J mined by Property VI. ~lOd from thence the Species of the HypotenllY 
~by Properties VII. ~nrl VIII. 
• 

5. But 
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Spherical Trigonometry. 
5. But when a Sid,' ~nd an AJigle cppcj!e thereto are g:\'en, then tl: 

Species of the t!J:hw.::;z Parts cannot be determined. Therefore GaJ 
VI. and VIII. are wholly ambiguous. 

PRO B L E 1'1'1 IV. 
, 
, 

In tf:C Sch,c;cn of Cli~''(It'-Ci.'I[!.icd Spherical Tri.1I1glcs, 
the S1"'C;'(5 or tIlt; Si.ie or .1.Jlg/c found. 

to determin:' 

SOL UTI 0' N. 

, , 

" , 
I. "Tnen t",,'o Angles and a Side opfrJ/ite to one of them an;: 

given, to find th~ Side o,:'p~Fte to the orher, as in C~!~ I. pre., ~ 
ceed thus: Add both the given Ang/lls together, and obferve thei::~ 
Sum; then to the given Sid/add the I'for Arc of the Side found, a[! 
<.][0 its [,r,'o:,--r :\r~, or C~mple7iir?lit; and tbat Arc of the Side f(jltllciy~ 
,.· .. h'ch, lOget};~r with the Sid" gi':'Ol, is of the film" AffL'Ction with ellti i 
Sum cf tnt ./lr,;;!c's (i e. whole Sum is either greater or 11; than ;I! 
Semicirc;::-, as the Sum of the Angles is greater or 11; than two right,~: 
An?les) is the true A:c required. r~ 

Hut if t!:.c Silm o~· the Sde given and eitber Arc of t11e Side four. , 
re of the /a!!h' Species with the Sum of the Angles, then the Cafe i~ , 
cmbigii;;::.7. 

2. In iike manner may the Ambiguity in CoF IV. (where 
Sides 2.r.d 3n Alirk ~ppt;filt' to clJe of them are given, to find the 
cppojite to the ctb,'r) be cleared and determined for that Value ( 
ther the greater or lejj'er) of the Angle found, which, together with 
Angle given, is of the fame Affection with the Sum of the Sides (i. 
whore SUD is greater or leJs than two right Angles, as the Sum 
the Sides is greater or lejS than a Semicircle) is tbe true Value 
quired. 

But if the Sum of the Angle given and eilber Value of the 
found, be of the fame Species with the Sum of the Sides, then 
Cafe is ambiJ(,iiQUS, -

3. The other Cafes, when folved by the Method here propofed, 
clear of all Ambiguities. 

- s 

, , 
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Spherical Trigoflomelry. 27 

S C H 0 L I U M . 

But it may not be improper to remark, that a Cafe which is ambi
i;l Trigonollldr)" is very often not [0. when it occurs in Geogra. 

or A }r07l01ll)" &c. for the peculiar Nature of the Subject to which 
15 applied, UHY fometimes determine it, when the Principles of Tri

cannot. 

• 

, A Sy. 

" 

• 

• 

, 
-' 



./J ti Y N U 1-' ti .i ti 0; tbe J..)oCfrine of right-angled plane Triangles. 

A A 

• 

( 
I 
, , 

-,' -, 
u ~ """"" ~S--"::':"': 

-. u"" • 
f~ f· . 

-----'R rfllt'flJ' 

n 0 rn 
0 e. ~. 

<: ~ The H ypotcl1uJc Radius. The Barc Radius. The Perpendicular Radius. (t' 0 CJQ en 
~ ::r' .,. 

'Iit : B C . : 
-

S.C : AB BC AB S.A : 13 C : : AU T.e :A13 l'.A : 13 e : : H. • 
J • 

A.C AC S.A : 13 C : : R :AC It: 13 C : : Scc.C : A C T.A: B C : : Sec. A : A C 
, 

S.C : I. B : : A 1313 C S.A :13C T.C: A13 : : R: BC R: AB • • '1'.A • BC Il A.cIA ( , 
• • • 

S.C : A B : : R AC T.C : A 13 : : Sec. C : A C R: AB : : Scc.A AC • • • • 

1 
• - . • 

AC : : 5.A: BC AC :: T.A: BC Al)13 C R: Sec.C : AC: : R • BC Scc.A : II A.dA B 
• 

R: 1\ e : : S.C : AB Scc.C : AC : : T.C: AB Sec. A . AC .. R AB • 
• • • • '-- + -.- - • 

: : A13 : T.C then : : 13 C : '1'.A then ]V B OA.L Be: K AU: R 
A B'A C- R BC:: Scc.C: AC R A 13 : : Scc.A : AC • • 

• • -- ---- ----- -
. A C'A.l.' AC: R :: BC: S.AlhclI B C: I~ :: A C : Scc.C thcn 

\lIB C,'A B R : A C : : S.C : All R:BC:TC:AB - , . - , .. , -

VIlA CjA.C AC: R ::AB : S.C then A13 : H. : : AC: ~l'C A thcll 
'AB13C R :AC::S.A :DC R : AU: : T.A; BC , 

• 
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, Plane Trigonometry. 
, . 

YNOPSIS oj the Doctrine of oblique-angled plane Triangles. ' 

-\ 
BC 

B 

A 

BC 
AC 

" A . • • 

• 

o r 
53.CO 

• • 
• • 

A: HC : : S.R : AC 

, 
_I\. 

o 
$9·20 C 180 

D 

: : : S. ::I. tlie;;~I 'ii;o ;:"":K.:i.=i '= A . 
C 'i.B : A C : : S.A : BC. 

A 

e AC C· 
1-----: ,:T. ' 

2 ? 2 
: A C : : S.A : B C. 

C
:T.--

2 

_ij:_A_C : : ::A~!.!:.A~, : __ _ 
2 2 2 B 2 

C BD , DC are found, and the Angles hu 

Cafe V. of right-angled Triangles. 
Otherwife thus. 

A and [0 for 
BxAC: Rq:: XxZ: Sq 2' any other. 

N.B. BC+AB+AC AC=" 
• 

2 -AB Z 

E A 5Y-

• 
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Spherical Trigonometry. 

A S YN 0 PSI S of tbe l)o{]rine of right-angled Spherical'Iri 

- - -, • • • ~ • 
~ -- --f,; - -

~ " - -•• • _. -< --• - T; - ---

• • 
~ , 

I A 

[] c.. • 

I,· . 
) , 

lH 
V C i 

-I 

\1 A '. 

r; 
. 

a. -~ -~ -~ -• -• --' --~ 
:r.t 
e 
~ 

t .. , ; 

Y?J. 5. 

r::. .. .l.L::· • 
• 

· .. ·"H .. TCF· BH • • , ... 1 • .. . 

r !' : ;i.e L :: T G F : T.L iI-~1 _ 
• • 
• • 

E: S K":: T.E.\: TDB 
.. L: S C r' ; T.L)'I : T F G 

L · .... '- "'L' · ..... u .... • • 

• 

.. . 
• • • • 

,R ,,·Cor.A C , Cot. A 
,---C , R , , Cot.A: T.C,;;-_ 

• • 

0 .. ' C ,R,: S.B C : S.A 
C, Cot.! C " R, Cur.c 

T-!~':;-;;:'+'-: f..d::~.-I: ) • • 
C ;S.EC:: SA!;: ~·.Ef) 

.B H ; T (' ;: : : S G H : S.G F 
C : R , : S A B : E.C 

B, Cot.'" C , , R , Cof.A 
I . ; ,. i-.. : : - 1"-,,,,,, 
D: S.C B : : T.E D : T.A B : S B C : , T.C , T.A B 

0-_ ;::::.1\-1: S C G :: S.M L : S.G F : C"f B C : : S.C : 
• • • ...J::' . • . 

.H F: T B C :: 0 .. \ H: SA B . .-\ : T.B C :: R : S.A B 

• , 
f 
I 

: 

_ 7'C -':- __ :.:;;.G : S C 11 :: ,G i' : S.~I,.::L,- .;::;:.:~C:;:..: R ,: Cof.A: ""5 . ....;C...",,.. " 
: ).v , ( 

'Il 

IX , 

AH:S .. -IB ::T.iiF:T.BC :> .. -IB:: T.A ,T.AC 
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AC .C : S.AB : : S.B : S.A C. then 

_.AB-AC: CoCA..B+AC :: T.~+B: Cot.~ ," 
2. 2. 2. 2. 
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BC .C B; Co[,C+B:: T. AB+AC : T.BC t 
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.C+B: T.C-~:: T.AB+ AC ; T.{\B-AC 
2 2 2. 2 

.AR: S.C:: S.BC: S.A. 
C+A ~;r;---

., : - : : Cot.- : T.-- then 
2. 22.2. 

.~C+AB: T.BC AB:: T.A +C : T.-!'-'-C 
2. 2. 2 2. 

C: S.fl.B :: S.B : S.AC . 
.AB: ':: S.AC: .it 

found as in Cafe I. 

C AB+AC A -
. -: T. :: T. . : T.-· --

2 2. 2. 2. 

B D . DC are found, and the Angles by Cafe III. , 
of rig,ht-ang;led Triangles ... Or thus 

A 
ABxS.AC: Rq:: S.XxS.Z: Sq-

2 

and [0 for any other. 
N.B. BC+AB+A 

2 

vert Angles lllto Sides . to 
Property X. pag.: 8. and proceed as 
in Ca/eV. 

'* Lemma Th. II. t Lemma Th. N. 


