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Anr. ITL - Essar PutosoviniQue s les Probahilitds.  Pap
M. Le Covri Lartace, Chancelier, &e. Paris, 1814,

I'r is to the imperfection of the human mind, and not to any

irregublirity in the nature of things, that our ideas of chance
nnd probability are to be referred.  Lvents which 1o one man
scem accidental and precarious, to another, who is better jun-
tormed, or who has more power of generalization, appear to he
regular and certain. Contingeney and verisimilitude are there-
fore the offspring of human ignorance, aund. with an intellect of
the highest order, cannot be supposed to have any existence,
In fact, the laws of the material world have the same infallible
operation on the minute and the great bodies of the universe
and the motions Y the former are as determinate as those of the
Jatter. There is not a particle of water or of air, of which the
condition is not defined by rules as-certain as that of the sun or
the planets, and that has not desevibed from the beginning a
trajectory determined by mechanical prineiples, subjected to the
luw of continuity, and capable of being mathematically defined.
"This trajectory is thercfore in itselt a thing Anowable, and would
be an object of science to a mind inforied of all the original
conditions, and possessing an aualysis that could follow them
through their various combinations ~ The same is true of ever
atom of the material world; so that nothing but information
=ifliciently extensive, wnd a caleulus sufliciently powerful, is
wanting to reduce all things to certainty, and, from the condi-
tion of the world, at any one instant to deduce its condition at
the nexe; nay, to integrate the formula in which those momen-
tary actions are included, and to express all the phenomena that
ever have happened, or cver will happen, in a function of dura-
tion reckoned from any given instant.  This s in truth the
nearcet approach that we can make 1o the idea of OmNisciexcr;
of the Wisdom which presides over the least as well as the great-
ost things; over the falling of a stone as well as the revolution
of a planet; and which not only numbers and names the stars,
but even the atoms that compoce them.

The farther, accordingly, that our knowledge has extended,
the more phenoniena have been brought from the dominion
of Chance, and placed under the government of physienl causes ;
and the farther oft’ have the boundaries of darkness been car-
vied. Je was, says M. Lavrace, of the phenomena not sup-
pored to be subjected to the regulation of fixed laws, that super-
stition took hold, tor the purpose of awakening the fears and
enslaving the minds o men. The time, adds he, is not far dis-
tart, when unasual rains, or unusual dronght, the appearance
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of a comet, of an eclipse, of an aurora borealis, and, in general,
of any extraordinary phenomenon, was regarded as a sign of the
anger of heaven; and prayers were put up to avert its dan-
gerous consequences.  Men never prayed to change the course
of the sun or of the planets, as experienee would have soon
taught them the ineflicacy of such supplications.  But those
phenomona of which the order was not clearly perceived, were
thought to be a part of the system of nature which the Divinity
had not subjected to fixt laws, but had left free, for the pur-
pose of punishing the sins of the world, and warning men of
their danger.  The great comet of 1456 spread terror over all
Lurope, at that time alarmed by the rapid suceesses of the
Turks, and the fall of the Greck cmpire; and the Pope directed
public prayers to be said on account of the appearance of the co-
niety no less than the progress of Mantoyir,

It is curious to remark how different the sensations have been
which, afier four revolutions, this sume comet has excited in the .
world.  Havrey having recognized its identity with the comets
of 1531, 1607, 1682, showed it to be a body revolving vound
the sun in 75 years nearly ; he foretold its return in 1758, or
the beginning of 1759, and the cvent has verified the moxt
remarkable prediction in science.  Comets have since ceased
to be regarded As signs of the Divine displeasure ; and every
body must have remarked, with satisfaction, how far the comet
of 1811 was from being viewed with terror, (in this country at
least), even by the least instructed of the people, and from exw
citing any sentiment but admiration of its extraordinary beanty.,
The dominion of Chance is thus suffering constant diminntion ;
and the Anarch Old may still complain, as in Mirvron, of the
encroachments that are continually making on his cmpire.

Probability and chance arve thus idens relative to human ig-
norance.  ‘I'he latter means a series of eveunts not regulated by
any law that we perceive, Not pereciving the existence of
law, we reason as il there were none, or no principle by whicly
one state of things determines that which is to follow. J'he
axiom, or, as it may be ecalled, the definition, on which the
doctrine of Probability is founded, is, that when any event may
fall out a certain numbor of ways, all of which, to our appre-
hension, are equally possible, the probability that the event will
happen with certain conditions accompanying it, is expressed
by a fraction, of which the numcrator is the number of the in-
stances favourable to those conditions, and the denominator the
humber of possible iustances.  Thus, the probability of throw-
myz an ace with one die is denoted by o» as there ave six ways
that the event may turn out, and only one in which it can be in
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ace.  With two dice, the chance of throwing 2 aces is Ts; as
each face of the one ace may be combined with any face of the
other.  Certainty i denoted here by unity ; it is what happens
when all the cases are favourable to the condition expeeted, and
when the numerator and denominator of the fraction ave the
same. It were absurd to say, that the sentiment of belief pro-
duced by any probability, is proportional to the fraction “"Iich
expresses that probability ; but it is so related, or ought to be
so related to it, as to increase when it mcreases, and to dimi-
nish when it diminishes.

The caleulation of Probabitity is therefore a very ingenious
application of mathematical reasoning, in order to substitute for
that certainty which is quite beyond our reach, the degree of
evidence that the case admits of,” and to reduce this to a system
of accurate reasoning.  The thing obtained is only probability ;
but we have a certainty as to the degree in which it exists.

The invention of this caleulus does not o far back. Tt is
true, that wherever there have been games ot chance, and they
have been i all countries from the rudest to the most civilized,
there must have been some numerical estimate formed of the
probubility of certain events, by which the stakes and the ex-
pectations of the gamesters must have been regulated. The
prmciple just stated, must therefore with more or loss distinet—
ness have been long recognized ; but nothing like a system of
reasoning founded on it is to be found before the time of Figr-
stat and Pascar. Huvonnys was the next after these two il-
Justricus men who treated of this matter in a treatise, Lo Ra-
tivciniis in Laudo Alece.  Several other mathematicians, Jlup-
pes and vr Wrrr in Holland, HarLiey in England, applied
the same calenlus to the probabilities of human life, and the
fatter published the first tables relative to that object.  Janres
Bernoviney, about the sanie time, proposed and resolved many
problems concerning probabilities, and composed the treatise
cutitled chrs Conjectandi, which was not published till 17 13, some
wears after his death. This work is worthy of the high reputa-
tion of the nuthor, who treats in it of the probability which a
succession of’ the same events, at any time, gives of its conti-
nuance; and he was the first to demonstrate a proposition con-
cernityg the indefinite multiplication of casual cvents, to which
we shall again hiave occasion to advert.  Moxaonry published
an estimable werk on the same subject, Lissai s les Jeuw de
HHasard ; and Deypovee followed with his treatise on the D
trine of Chances, which {ivst appeared in the Philosophical '1rans-
actions for 1710, byt was alterwards published 11 three edi-
gons, which the wuhor successively amproved.  This work
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is the first that mentioned (he theory of recurring scrics, a
subject of such importance in algebra, and connected with
so many of the discoverics which haye since been made in the
calculus of Fiuste Diffevences. La Prack does great justice
¢ it, and has entered into an analysis of the part that yelates
to eeries.  Demovie gives a demonstration of the theorem
of Berxouvirwu, Just referred to, which, iu a series of events,
serves to conncect the future and the past.  Several other mathe-
maticians, and particularly T.a Guanae, have been attracted by
the results which this theory oftered, and by the difficulty of the
problems it snggested, which seened in many respeets to require
a new application of analysis, The Jast who has treated of it,
is our author himself, in a Iarge work in quarto, entitled, 7%eo-
vic Analytique des Probabilités, published at Paris in 18 12, The
essay now nnder review, is an abstract of this lust, containing
an account of the more important conclusions deduced in it, to-
gether with many general and profound remarks on the princi-
ples of the calculus, and their application to the researches of
philosophy, as well as to the affaiys of life.

‘The analytienl work contains some valuable improvements in
this branch of the mathematics, We have adverted to the use
made by Desogvie, in his work on Chances, of the series,
culled Recurring, in which the cocllicient of each term is form-
ed in the same manner from the coeflicients of a certain num-
ber of the preceding terms,  The generalization of this o=
perty led La Prace: to consider all those series in which the co-
cllicients are formed by substituting the Cxpouents, every where,
in the same formula ; or where, in every term, the coeflicient is
the same function of the exponent. A series of this kind be-
ing supposed, a function of the variable quantity may be found,
from the development of which the series might be derived ;
and this function is what La Pracr calls the Generating unc-
tion (Lionction Generatrice) of the cocliicients in the supposed
serics, or rather of the function in which all those series are in-
cluded.  This gives rise to a new branch of analysis, the calen-
Wis of Generating Functions, the principles of which he first ox-
plained in the Memoires of the Academy of Scieuces tor 15779,
From these scries, by applying the method of finite and partial
differences, he has extractec results that throw great light on the
doctrine of Chauces, and readily afford demonstrations of ma.
ny propositions that canuot but with the greatest difliculty be
proved by any other means, It must not seem surprising that
the doctrine af Series is thus intimately connected with the theo-
ry of Prababilities; for it should be remembered, that the firse
considerable improvement in that theory cume {rom the sume
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quarter. The numbers of combinations that can be formed of
a_piven number of things, taking them two and two, three and
three, &c. are given by the successive coefficients of a bino-
mial raised to the power denoted by the number of things in
question.  Such combinations are evidently much concerned in
1510 laws of Chance; and Beryouvinnt deduced from them a
great nunber of conclusions coucerning those laws., D Moivne
went further than Brnryovinny, and La Prace much farther
than either 5 but to give any adequate idea of the analytical me-
thods which he has employed, is not to be expected in an abstract
like the present.  For a general view of the analytical methods
applied to the calculation of Probabilities, we may refer the
reader to the conclusion of the Fissai Plulosophique, p. 90, &e.
and to the beginning of the Theorie Analytique. "L'o a passage
in the Iatter, however, we cannot but advert, and with much
less satisfaction than we have generally {elt in pointing out
any of the remarks of this celebrated writer to the attention
of our readers. ¢ [ puarait que Frrarar, le veritable INVCIH-
Ctewr dr caleud differenticl, « consideré ce calewd comme une
“ dérivation de cclui des differences finies,” &ec. Against the
affirmation that IF'enstar 15 the real inventor of the Difleren-
tinl Calculus, we must enter a strong and solemn protestation,
T'he age in which that discovery was made, has been unanimouns
in ascribing the honour of it cither to Newrow or Leisxrrs;
or, as scems to us much the fairest and most probable opinion,
to both ; that iz, to each independently of the other, the prio-
Tity in respeet of time being somewhat on the side of the -
lish mathematician.  The writers of the history of the mathe-
matical sciences have given their suftrages to the same effect j—
Monrucra, for instance, who has treated the snbject. with areat
smpartiality, and Bossuw, with no prejudices certainly in favour
of the Lnglish philosopher.  In the great controversy, to which
this invention gave rise, all the claims were likely to be well con-
sideved ; and the ultimate and fair decision, in which alt sides
scem to have acquicsced, is that which has Just been nmen-
tioned. It ought to be on good grounds, that a decision, pass-
ed by such competent judges, and that has now been in {orca
for a bhundred years, should sll at once bLe reversed,—FEn-
sar has strong claims undoubtedly on the gratitude of pos-
terity; and we do not believe that there exists, cither among
the productions of antient or modern scicnee, a work of the
siune size with his Opera Varie, that contains so many traits of
original invention. He had certainly approached very near to
the differential or fluxionary culeulus, as his friend Ropervar
had also done. IHe considered the infinitely small quantities,
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introduced in his method of drawing tangents, and of resolving
maxima and minima, as derived from finite differences ; and, ag
Larracr remarks, he has extended his method to a case, when,
the variable quantity is irrational. Fle was, therefore, very near
to the method of fluxions; with the principle of it, he wag
pevfectly acquainted ;—and so at the same time were both Re-
BERVAL and WapLps, though men much inferior to Ferarar,
The truth is, that the discovery of the new caleulus was so gra-
dually approximated, that more than one had come quite near
it, and were perfeetly acquainted with jis principles, before any
of the writings of Newron or Lemsnirz were known, That
which must give, in such 4 case, the right of being considered
as the true inventor, js the extension of the principle to its full
range; connceting with it g new aleulus, and new analytical o=
perations ; the invention of a new algrorithm with correspond-
ing symbols.  These last form the public acts, by which the
invention becomes known to the world af large, the Judge by
which the matter must be finally decided, Great, therefore, ag
1s the merit of Feryar, which no body can be more willing
than oursclves to acknowledge ; and near as he was to the great-
est invention of modern times, we cannot adinit that his pro-
perty init is tosbe put on a footing with that of NewroN or of
LNz j—we should fear, that in doing so, we were violat-
ing one of the most sacred august monuments that posteri-
ty ever raised in honoar of (he dead,

It has been already stated, that when all the different ways in
which an event can fhll out, are equally possible and independ-
ent of one anather, the traction which ¢Xpresses the probabili-
ty, that the cvent may have certain conditions, is one which has
tor its numerator all the ases favourable to such conditions, and
for its denominator all the cases possible. But when the event
that happens afleets that which is to follow, the question be-
comes sometimes of’ considerabie difficaliy. M. Larvace men-
tions one case, simple indecd, but important in s application.
Suppose a fact to be transmitted through 20 persons ;—the firsg
conununicating it to the sccond, the second to the third, &c.;
and let the probability of each testimony be expressed by +%. (that
iy, suppose that of 10 reports made by cach witness, o only are
truc), then at every time the story passed from one witness to an.
other, the evidence iy reduced to 2. of what it was l)ef'ure.—'l'hus,
after it has passed through the whole 20, the evidence will be
found to be less than L

“ 'The diminution of evidence by this sort of transmission may, *
fays LarLace; ¢ he compared to the extinction of light by the inter-
yusition of several pieces of glass s w emall number of picces will be
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sufficient to render an object entirely invisible which a single piece
allowed to be seen very distinctly., Historians do not scem,’ he
adds, ¢ to have paid sufficient attention to this degradation of the
probability of facts when seen across a great number of successive
generations.?

It docs not appear, however, that the diminution of evidence
here supposed is a necessary consequence of transmission from
one age to another. It may hold “in some instances; but in
those that most commonly occur, no sensible diminution of evi-
dence scems to be produced by the lapse of time, Take any
antient event that is well attested, such, for example, as the re-
treat of the Ten Thousand, and we are persuaded it will be ge-
nerally admitted that the certainty of that event having taken
place is as great at this moment as it was on the return of the
Greck army, or immediately after Xenophon had published bis
narrative. ‘The caleulation of chances may indeed be brought
to depose in favour of it; for the probability will be found
to be very small, that any considerable interpolation or change
in the supposed narrative of Xenophon could have taken place
without some historical document remaining to inform us of
such a change. The combination of the chances necessary
to produce and to couceal such an irterpolation is in the highest
degree improbable; and the autherity of Nenophon remains,
ou that account, the same at this moment that it was originally,
"The ignorance of a transcriber, or the presumption of ‘a con-
mentator, may vitiate and alter a passage; but there is a virtue
in sense and consistency by which they vestore themselves,  The
greatest danger that an antient author rans is when a critic like
Bunreer is turned loose upon his text.  Yet there is no fear
but that, in the arguments by which he would recommend his al-
terations, he will leave a suflicient sceurity against their bueing
received.

There is an error on the subject of chance, and of cases that
arc equally possible, agninst which it is necessary to guard.

Some writers argue as if regular cvents were less possible than
irregular, and that in the game, for example, of Cross and Pile, a
combination inwhich Cross would happen twenty times in succes-
sion, is less easy for nature to produce than one in which Cross
and Pile are mixt together without regularity.  ‘This however is
not true; for it is to suppose that the events which have alr ady
taken place, allect those that are to follow; and this, in what
relates to” chance, cannot be admitted.  The regular combi-
nations happen more rarely than the irregular, only beeause they
are less numcerous, It we look for a particular cnuse as acting
in the cases where symmetry oceurs, it is not beeause we sup-

X
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pose the syinmetrical arrangement to be less possible than any
other; buat it is improbable that chance has produced it, be-
cause the symmetrical atrangements are few and the asymmetyi-
cal may be without number.” We sce on o table, for instance,
letters so disposed as to make the word Constantinople ; and we
immediately conclude that this ar angement is not the cfloct of
chance: not that it is less possible for chance to produce it,
than any other piven arrangement of the same fourteen letters—
for if it were not a word in any language, we would never
suspect the existence of design—Dbut because the word being in
1se amongst us, it i< incomparably more probable that this ar-
rangement of the letters is the work of design, than of chance,

‘ Events may be in extraordinary that they can hardly be esta-
blished by testimony.  1We would not give credit to a man who
would affirm that he saw an huadred dice thrown in the d€ir, and
that they all fell on the same faces.  If we had ourselves been spee-
tators of such an event, we would not belioye our own eyes, till we:
had scrupuniously examined all the circumstances, and assured our-.
selves that there was no trick nor deception.  After such an exami.
nation, we would not hesitate to admit ity notwithstanding its great
improbability ; and no one would have recourse to an inversion of the
Laws of vision in order to account for it.  ‘This shows that the pro-
bability of the gontinuance of the laws of nature is superier, in our
estimation, to every other evidence, and to that of historical facts
the best established.  One may judge therefore of the weight of tes-
timeny necessary to prove a suspension of those laws, and how fal-
lacious it is in such cases to apply the common rules of evidence. *

It sometimes happens, however, that g prevailing oninion, or a
prejudice, may so diminish the natural improbability of an event,
that it shall appear easily overcome by the force of testimony.

¢ This has happened with men of the first abilities; and in the'
age of Liewis XIV, Racive and Pascarn were two remarkable ex.
amples of it, It is humiliating to see with what complicency Rae
ciNe, that admirable painter of the human heart, and the most pers
Ject paet who has ever been, relates as a miraculous event, the cure of
Mademoiselle Penrnirn, the nicce of Pascar, and pensionnaire of the
Abbey of Port-Royal: It is no less painful to read the reasonings’
by which Pascar endeavours to prove that this miracle had become
Necessary to the cause of religion, in order to Justity the dectrine of
the Nuns of that Abbey, at that time persecuted by the Jesuits. The
yeung Mademoiselle Periier, who was then about three years and a
half old, was afilicted with A fistula lachrymalis ; she tonched her
sore eye with a religue which professed to be one of the thorns of
the crown pluced by the Jows on the head of our Saviour, and she
believed herselt cured fiom that instant,  Some days after, the phy.
sicians and surgeons attested the cure, and gave it as their opinion

YOL, XXIll, No, 41, ’
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(in which probably they were perfectly correct) that the medicines
had had no effect in bringing it about. 'This event, which happen-
ed in 1656, made a great noise: All Paris,’ says Racine, ¢ flocked
to Port-Royal.  The crowd increased from day to day; and Gown
scemed to take pleasure in authorizing the devotion of the people,
by the number of miracles worked in that church. ”

> T'he question here touched on, how far the evidence of testi-
mony is able to overcome that which arises from our experience
of the course of nature, is one of the most delicate and import-
ant which the doctrine of Probability presents.  “That testimony
itselt’ derives alt its foree from experience, seems very coertain,
This, lrowever, has sometimes been disputed ; and it has been
urged, that there is o natural tendeney to believe in the testi-
mony of cthers, independeut of experience. That such a ten«
devey really exists, we are willing to allow. A man who feels
in himselt” a_propensity to speak the truth, readily supposes a
like propensity in others 5 and therefare, previous'to all expe-
rience, may be disposed to believe in their testimony.  Fle soon
learns, however, that he cannot rrust safely 1o this principle 3
for he perceives, that though men have a tendency to spealke
the trath, they have often motives that lead to do the contra-
ry, that tempt them to conceal and even to pervert it; and
how much these opposite motives may counteract one another,
Iz a matter only to be coliceted from experience and  observa-
tion. Indeed, it is quite evident, that whatever propensity we
naturally have to belicve in testimony, it must be in itself ex-
tremely fallacious, as vearing no proportion to the probability
of the thing believed, or the likelihood that it will happen.

It 15 useless, therefore, in treating of probability, to talk of «
tendency to believe, which, confessedly not being regulated by
the experience of the past, cannot be depended on for its anti-
cipation of the future.  Such a tendency, whether natural or
acquired, is evidently no better than a mere prejudice, and is as
likely to lead to error as to truth,  The evidence of testimony,
then, is mensured in the same way with other probabilities, and
is expressed by the number of instances in which men, circum-
stanced in n particular way, have been known to speak true, di-
vided by the number of cases in which they have given evidence
whether true or false. It is true that the strict avithmeticnl vie
lue of this fraction is hardly possible, in any case, to be nssig -
ed.  But a certain coarse and loose cstimate of it may be form-
ed, sufficient for directing the judgment and the conduet, on
ordinary occasions.

The first author, we believe, who stated fuirly the connexion
between the cevidence of testunony and the evidenee of expe-
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rience, was IHume, in his Essay on Miracles, a work full of
deep thought and enlarged views; and, if we do not stretch the
principles so far as to interfere with the truths of religion, a-
bounding in mnxims of great use in the conduct of life, as well
as in the speculations of philosophy.,

Conformably to the principles contained in it, and also to
those in the ssay now before us, if we would form some general
rules for comparing the evidence derived from our expericnce
of the course of nature with the evidence of testimony, we may
consider physical phenomena as divided into two classes, the
onc comprehending all those of which the course is known from
expericnee to be pertectly uniform; and the other comprehend-
ing those of which the course, though no doubt regulated by ge-
neral laws, is not perfeetly conformable to any law with which we
are acquainted; so that the most general rule that we are enabled
to give, admits of many exceptions.  The violation of the ordep
of events among the phenomena of the former class, the suspen-
sion of” gravity for example,—the deviation of any of the stars
from their pluces, or their courses in the heavens, &c.—these are
facts of which the improbability is so strong, that no testimony
can prevail againstit, It will always be more wonderful that the
violation of such order should have taken place, than that any
number of witnesses should be deceived themselves, or should
be disposed to deceive others.

It is here very well worth nttending to, how much the exten-
sion of our knowledge tends to give us confidence in the conti-
nuance of the general laws of nature, and to increase the impro-
bability of their violation.  Suppose a man not at all versed in
astronomy, who considers the moon merely as a luminous circle
that, with certain irregularities, goes round the earth from east to
west nearly in 24 hours, rising once and setting once in that in<
terval.  Let this man be told, from some authority that he is accus-
tomed to respect, that on a certain day it had been observed
nt London, that the moon did not set at all, but was visible -
bove the horizon for 21 hours :—there is little doubt that, after
making some difliculty about it, he would come at last to be con-
vinced of the truth of the assertion.  In this he could not be
accused of dny extraordinary and irrational credulity.  The ex-
perience he had of the uniform setting and rising of’ the moon
was but very limited ; and, the fact alleged, might not appenr
to him more extraordinary, than many of the irregularities to
which that luminary was subject.  Let the same thing be told
to an astronomer, in whose mind the rising and setting of the
moon were neces<arily conrected with a vast number of other ap-

v
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pearances; who knew, for example, that the supposed fact
could not have happeued, unless the moon had deviated ex-
ccedingly from that orbit in which it has always moved ; or the
position of the carth’s axis had suddenly changed; or the at-
mospherical refiaction had been increased to an extent that was
never known.- Any of all these events must have affected such
auvast nutaber of others, that, as no sucl thing was perccived,
an incredible body of evidence js brought to ascertain the conti-
nuance of the moon in her regular comrse.  The barrier that ge-
neralization and the explanation of causes thus raises against cre-
dulity and superstition,—the way in which it multiplies the cvi-
dence of cxperience, is hiehiy (loscrving of attention, and is likca
ly to have a great influence on the future fortunes of the human
race.

Against the uniformity, thercfore, of such laws, it is impos-
sible for testimony to prévail, But with those laws that ave ime
perfectly known, wund that admit of many exceptions, the vio-
latiens are not so umprobable, but that testimony mny be sul-
ficient to establish them. In owr own time it has happened,
that the testimony produced in support of a set of extraordi-
nary facts, has been confjrmed by a serupulous examination
into the natural hiztory of the facts themselyes, When the
stones which were said to have fullen from the heavens eame
to be chemically analyzed, they were found to have the same
characters, and to consist of the same ingredients, nearly in the
same proportions.  Now, let us Suppose two such instances 1——
the first person gives the stones into the hands of a naturalist,
and their characters are ascertuined 3 the second doces so like-
wise, and the stones have the samo character. Now if this cha~
racter were one which, like that of sandstone, or of limestone, be-
longs to a8 numerous class, the chance of the agreement might ba
considerable, because the chance that the seccond observer s would
fall on a stone exactly of the same species with the first, would be
as the number of the'stones existing of' that species, divided by the
whole number of stones, of all different species existing on the face
of the carth.  This, with regard to sandstone or limestone, might
be a large fraction ; and the coincidence of the two testimonices
in a falsehood might not be extremely improbable.  Bat if the
species is a very rare one, the probability of the coincidence bi-
comes extremely small.  Suppose, for cxample, that it is a spe-
cies, numerous in a medium degree; and as there are veckoned
about 261 species, let us_suppose that the individuals of the spe-
cies to which the meteoric stones belong nmonnt to 4 4,.th part
et all the stones on the surfice of the captl, The accidental ¢o-
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incidence of the second witness with the first is denoted by the

o 1 L 1 i
fraction —-—; of a third with the other two, by TV 6T =

261
| . 1
G891 of a fourth with the other three, by m, and so on.

As there are more than ten such cases, the chance of deceit op
imposture is not more than (26—“11_)) that is, 1 divided by the 9th
power of 261, or by a number so large as to consist of 22 places,
This fraction, though extremely small, is vastly greater than the
truth.  Theindividuals of this species, instead of making a 261th
part of all the stones on the surface of the carth, make, so far
as we know, no part of them at all. Ilcre, thercefore, we have
a testimony confirmed, and vendered quite independent of our
previous knowledge of the veracity of tllw witnesses,

The truth of the descent of these stones on the evidence of
testimony alone, woukl have been fong before it gained entire
credity and scepticisi with respect to it would have been just and
philosophical.  In certain states of their information, men may,
on good grounds, reject the truth altogether.

The way in which probability is affected by the indefinite
multiplication of events, is a remarkable part of “this theory. 1If
out of a system of events governed by chance (or Ly no perceiv-
able law) you take a small number, you will find great irregu-
Jarity, and nothing that looks like order, or obedience to a ge-
neral rule.  Increase the number of events, or take in a larger
extent of the donain over which you suppose chance to preside,
you will find the irregularities beav a much lexs proportion to the
whole ; they will in a certain degree compensate for one ano-
ther; and something like order and regularity will begin to -
merge.  In proportion as the events are farther multiplied, this
convergency will become more apparent ; and in summing up the
total amount, the events will appear adjusted to one amot wer, by
rules, from which hardly any deviation can be perceived.

Thus, in considering the subject of life and death ; i we take
a small extent of country, or a few peopie, a single parish for
instance, nothing like a general vule will be discovered.  The
proportion of the deaths to the numbers alive, or to the num-
. bers born; of those living at any age 1o thosc above or below
that age,~—all this will appear the most diflerent in one year,
compared with the next; or in one district compared with an-
other,  But subject to your examivation the parish vegisters of
a great country, or a populous city, and the fuets will appear
quite diflerent. You will find the proportion of those that die
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annmually out of a given number of inhabitants fixt with great
precision, as well as of those that are born, and that have reach-
ed to the different periods of life.  In the first case, the irregu-
lavities bear a great proportion to the whole: in the second, they
compensate for one another; and a rule emerges, from which
the deviations on opposite sides appear almost equal.

This is true not only of natural events, bat of those that a-
vise from the institutions of society, and the transactions of men
with one another —I Ience insurance against fire, and the dan-

ers of the sen. Nothing is less subject to ealeulation, than the
ﬁ)te of a particnlar ship, or a particular house, though under
given circumstances.  But let a vast nomber of ships, in these
circumstances, or of housee, be included, and the chance of
their perishing, to that of their being preserved, is matter of
calculation founded on cexperience, and reduced to such cop-
tainty, that men daily stake their fortunes on the accuracy of the
results,

‘T'his is true, even where chance might be supposed to predo-
minate the most 3 and where the enuses that produce particular
cilects, are the most independent of one another.

Larrace observes, that at Paris, in ordinory times, the num-
ber of letters returned to the Post- Office, the persons to whom,
they were directed not being found, was nearly the same from
one year to another.  We have heard the sante remark stated
of the Dead Letter Office, as it is called, in London.

Such is the consequence of the tnultiplication of the events
Teast under the controul of fixt eauses: And the justances Just
given, arve sufficient to illustrate the truth of the general propo-
sition; which Lavrace has thus stated.——

¢ The recurrences of events that depend an chance, approach to
fixt ratios ns the events become more numcerous, in such a manner
that the probability of the mean results not difterings from those ra-
tios by any given quantity, may come nearer to certainty than the
emallest Timit that can be assigned,?

Thus, Win an urn, the number of white balls to that of
black, have the ratio of p to ¢, the number of white balls
breught out it the whole number drawn be iy will approach to
P
7ty

Fhis proposition is deducible a priori from the theory of
Probability. Tt was first demonstrated by Berxouvinny, in the
AAvs Compectanudy by a method that is very elaborate, and con-
fessedly the work of much thought and stdy. A more simple de-
monstration was given by Desorvee, in his deetrine of Chanees.
Our author, in his Theorie “Analytizue, has given one much pres

X n, the more nearly the greater that the number » is taken.
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ferable to cither, deduced from his theory of Generating Func-
tions. :

The solution of another curious problem which T.Aarnacg
has given, is closely connected with the preceding.  An event
having happened a certain munber of times in succession, what
is the probability that it will happen once more 2

When the number of times the event has happened is small,
the formula that contains the answer to thic question 1s consi-
derably complicated 5 when the number is very great, it is ex-
tremely simple.  Suppose the number to be n, the chance that
the same cvent will again occur, is :—%—i—-:z, which, if n be great, is
very near to unity, and may espress a probability not sensibly
inferior to cortainty.

Thus, supporing with M Larcace, that the greatest anti-
quity to which hisiory goes back is 5000 years, or 1626213 days,
the probability that the sun will rise ngain to-morrow, is, accord-
PBOGLLE ol o ] i £
T4otdy s OF thereis 1826214 to 1, to wager in fu-
vour of that event.  ‘This, therefore, may be considered as af-
fording a measure of the probability that the course of nature
will continue the snme in future that it has been in time past. It
is not however on the refined principles of this caleulus, that the
universal belief of mankind in such continuance is founded.  The
above theorem was first given by BerxoviLr  Our author’s
demonstration of it in the Fssai Analytique, we believe to be new
and more <imple than any other,

The saume muliplication of events enables us to employ the
theory of probability in the discovery of causes.  On this sub-
jeet Laavrack has made a number of very important observa-
tions,  ‘The phenomenn of nature are for the most part enveloped
in such a number of extrancous circumstances, and so many
disturbing causes unite their influence, that it is very difficult,
when they are small, to separate them from one another.  T'he
best way to discover them is to multiply observations, that the
accidental cficets may destroy one another, and leave a mean re-
sult contnining only what is essential to the phenomenon.  ‘The
entire removal of the accidental part is not to be expected, as
has just appeared, without an infinite number of observations :
the greater the number of ohservations, however, the more near-
Iy is this mean result approximared.

Of this application of” the doctrine of Probabilities, a number
of vxumples are then given.  The first relates to the diurnal
variation of the barometer, as tound from the observations of

ing to this rule,
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that instrument made at the Lquator, where it is lenst stthject ta
the action of irregular cavnses,  From these, there appears to be g
small divrnal oscillation, of which one mazimum tukes place
about 9 in the morning, and a wddnen about 4 in the evening ;
a second maximuem at 11 at night, and a second minimun about
4 in the morning.  T'he osciliations of the day are greater than
those of the nighl, and amount to about Jthiol an inch., ‘The
incenstaney of the weather does not allow this variation to be im-
mediately observeable without the tropics, or within the ruhge of
the variable winds. Nevertheless, Ly appliirg the ealeulus of
Probabilities to a griat nunber of accurate baromerrical oh-
servations made by Razyoxp during several sucee: sjve years, M,
Laviack bas found such indicntions of the come osclilation, as
to lcave no doubt of ity existence, though corcenled under the
irregular action of many accidental carees. This oscilletion havy-
ing ity period equal (0 a solur day, must avise from the sun’s
action, most probably, in the heating and cooltng of the atmos-
phere.

To the same caleulus, in what regards the irregularities of
the planetary system, our author professes to be greatly in-
debied.  The difliculty in such cases i5, often, to know whe-
ther a certain small ivvegularity, combined as it is with n:any
other irregularitics, has an existence or not.  If it has an ex.
istence, it will give a certain determination to all the results one
way more than another; and by comparing a great numbor
of results, the reality of the determinetion may be discovered,
It is just as if a dic were throws 4 great number of times,
and it was required to find whether iy had a bias to a certain
side or not.  After a vast number ol throws, if there is no bias,
each face must have turned up nearly the sime vumber of tines,
If this is not found to hold i i there be ene face which Lios turn-
cd up considerably oftencr than the rest, it niny salely be con-
cluded that there is a bias to that side s and from the caleuls of
probabilities, the amount of the Lias may be estimated.

In this way, the ealculus may Le applied to several ustronomi-
cal phenomena, and may be comsidered as a means of discovering
from Zuduction, some conclusions that could hardly be otherwise
obtained. M. Lapracs gives i instance of thisin his own re-
scarches, coneerning the dimitution of o certain inequality in the
precession of the cquinoxes, roative Iv to the moon only, which
was suspected by Mavenr, g rojected by miost astronomers as
not being expliined on the principle of gravitation. A serupu-
lous examination of obrervations, and the application ¢f the
caleulus, convinced M. Laveacr, that the existence of the ine-
auality was Liolily prebable; so that he begau to look gut for the
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cause of it. It was not lang before hie perecived that it must
arise from the spheroidal ficure of the carth, which must change
a little the laws of gravity towards that body, and produce of
consequence an inequality in the lunar motions. 'Uhiy cause had
hitherto been neglected by astronomers; but, when taken into
accouit, it explamed with precision the irrcgularity in question,
and the magnitude which, by the rules of probability, he had
been ded to assign to it Other inctances are given in the irre-
gulavities of Jupiter and Saturn, the satellites of Jupiter, &e.
We shall ondy mention one result, and it is o very remarkable
one, deduced from the motions of the planets being all in the
same direction,

¢ One of the most remarkable phenomena in the solar system, s,
that the motions of rotation and of revolution in the plancts and su-
tellites are all in the same direction, viz. in that of the sun’s rotae
tion, and not far from the plane of his cquator, A phenomenon so res
markable cannot be the effect of (hamee: and it obviously indicates
onc geacral cause, which has determined all these motions, i estimate
the probability with which this cause is pointed out, it must be con-
sidered, that the planctary systeny, such as we now see it, Is come
posed of cleven planets and cighteen satellites; and that the rota-
tion of the sun, of siy planets, ot the satellites of Jupiter, of the
ring of Saturn, and ot one of his satellites, are all known.  These
movenents, taken in conjunction with those of' revolution, make a
total ot forty-three——nall in the same direetion. Now, by the cal-
culation of probabilitics, it will be found that there are more than
+ millions of millions to wager against one, that this disposition
i not the effrct of chance; a probability much superior to that of
the historical events ahout which we entortaia the least doubt. We
must therctore believe at least with cqual confidence, that Oxe e
mitive Cause has directed all the planctary motioas ; especinlly when
we consider, that the greater patt of these motions are also bearly
in the same plane.’ '

Our Author proceeds, then, to oflfer some cohjectures con-
cerning the physical canse (o which these motions are to Le a-
seribed. He brings together a great number of faets, teom Dr
Hirscnert's observations concerning the nebidi: which, come-
bined with the preceding, seamn to point out the solar atmg-
sphere as the most probable cause. ~ But where the facts lio )
far out of the reach of accurate observation as many of these
do, and when the supposed cause has ceased so entrely to act,
the ovidence we can have is so slighit, and the difliculties so
many, that cven the Avrion of the Mlcanique Céleste must
fail in giving weight and durability to his systen,

In those sciences which arc in a great measure conjectural, such
25 medicine, agricultire and pohtics, the caleulus of probabilia
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ties may be emgloyed for discovering the value of the different
methods that ave had recnurse to. T'hus, to find out the best
of the treatments in use in the cure of a particular discase, the
comparison of a number of cases, where the circumstances have
been as much alike as possible, will enable us to Jjudge of the ac-
cidental causes that in each particolar case assisted or nnpeded
the cure: these last will make a compensation for one another ;
and if the number of ecases is sufliciently great, will leave the ef-
ficacy or ineflicacy of the remedies distinetly visible.

¢ The same,’ he adds, ¢ may be applied to political cconomy; with
respeet to which, the operations of governments are so many expe-
riments, made on a great scale, and caleulated to throw light on the
conduct to be pursued on similar oceasions.  So many unforeseen,
concealed, and inappreciable cances, have an influence on human
mstitutions, that it is impossible to judge a priori of their effects.—
Nothing but a long serjes of experiments can unfold these cffects,
and point out the means of counteracting those that are hurtful. [t
would conduce much to this object, if; in every branch of the ad.
ministration, an exact register were kept of the trials made of difler-
ent measures ; and of the results, whether good or bad, to whick
they have led.’

[1e concludes with a maxim, which the circumstances of the
times in which he has Tived, must have bat too deeply engraven
on the mind of every Frenchman,

¢ Ne changeone qu'avee une circonspection extréme nos ancicnnes
Institutions et usages auxquels nos opinions et nos habitudes so sont
depuis long-tems plices.  Nous connaissons bicn par Pexpérience du
pass¢ les inconveniens qu’ils nous presentent : mais nous ignorons
quelle est Petendue des maux que leur changement peut produire, ?

Thete are sate and just waxims ; and we are glad to think
that he who expresses them holds a high situation in the groverne-
went of his country.  There is, however, another maxim ground-
ed also on the doctrine of Probability, which we should think
bardly less necessary than this, viz. that the rulers of mankind,
in order to yemove as much as possible all chance of sudden and
great revolations, would strike at the roots of ihe causes which
so often render them inevitable, by taking care that all political
institutions are pradually and slowly corrected, as their errors
are found out, or as new circumstances in the sitation of the
world render them inapplieable.  “T'he negative precept, of not
changing things but slowly, is not alone suflicient 5 it is necessar
to add the aflivmative preeept, of changing them slowly, but
readily, when reason for such change appears.  In this way the
causces that tend to disturb the public order are prevented trom
accumulating, so as {o create, or even to justily, the spirit of re-
volution; and by gradual reformations, which may be muge,
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without danger, those great changes are aveided which cannot
happen without incalculable mischief,

One of the most important applications of the doctrine of
Probability, is to determine the most probable mean, or aver-
age, among a number of observations.  The most accurate ex-
periments and observations are liable to erroirs, which must
affect the trath of the results obtained from them, To make
these disappear as much as possible, observations must be great-
ly multiplied, in order that the errors in defeet and in cxcess
may destroy one another, and the mean, of consequence, be-
come nearly corrcct.  Still, however, the manner of striking
this mean to the greatest advantage, remmins to be examin.
ed, as also the degree of ervor to which, after all, it must be
liable. -

For a long time mathematicians were contented with taking
the arithmetical mean as the true result of the obscrvations;
that is, they added them altogether, and divided the sum by the
number ol observations.  This was suflicient when the obse rva-
tions appeared to be all cqually good, and entitled to equal weight
in the determination of the result.  ‘T'his, however, was far trom
Leing always the case ; and Cores was the first, as M. LarLace
remarks, who thought of a method by which each observation
should have an influence in the deterniination of the results pro-
portioned to its real value.  Suppose that it is the position of
an object that is required to be found by astronomical observa-
tion; let the place given by cach individual observation be
found, and at each of these conceive a weight to be placed pro-
portional to the accuracy, or inversely as the error which it is
reasonable to assign to that particalar observation 5 the contre
of gravity of all these weights is the wrue, or the most probable
place of the object. This was in fuct a generalization of the
common method of taking an arithmetieal wean 5 for it is only
conceiving, that if otie observation 4, wais twice as good as an-
nther observation 3, then, instead of A, there should be aecount-
cd two observations of the same value with B2, and giving the
same result with A, and so on in any other proporticn, even it
the proportion were expressed by a fraction,  The principle here
15, that after a great number” of obsorvations, the errors in
opposite directions (the positive and negative errors) must be
equal. This is true, if the number were inlinitely great; and,
in all eases, aflords a probable approximation to the truth.,

"The ubove theorem, which Cores has given at the end of his
listimatio Iivvorum, admits of a simple analytical expression,
but does not appenr, as is remarked by Lariace, to have been
rade nse of till Iivren, in his tract on the Inequalities of Jupi-
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ter and Saturn, employed equations of condition, for the first
time, in determining the elements of the orbits of these two pla-
nets.  Much about the same time, Tonras Mayer employed
similar methods in his Inquiry into the Libration of the Moon,
and afterwards in his Lunar 'f:ul)]es.

The method of Cores, when there is but one result to be
determined, is of most casy application ; but when there are
more than one, and, of consequence, as many equations ay
there arc observations, it is not obvions how it can be applied,
and how the equations are to e combined to the best advan-
tage. T'he idea occurred to Lr Gexbirr to introduce another
cquation, by supposing the suns of the squares of the errors of
the ohservatioas to be & minimum. *  "This is a very happy ge-
neralization of the method of the centre of gravity, and appli-
cable to cases to which it could not casily be accommodated,
The same idea occwrred to M. Gavss about the same time,
It was not demonstrated, however, till it was done in the I'ng-
onir Axarvriover of M. Lavrace, that the result thus ob.
tained is the best of all, that which leaves the Jeast probable -
crrov, the limits of which are assigned at the same time,

"Lhe mean result being determined, the lollowing rule for the
Jimit of the accuracy is given.  Tule the diffevence between the
mean result of all the o iservalions, and the result of each Par=
tictlar observation.  Lhe mean o1 rory or the greatest that is to be
Jearved, (and it may be cither positive or negative Js 1S a fiaction,
having for its numerator the square root of lhe sum of the squares
of the differences above obtained, and for its denominator the num-
ber of vbservations multiplicd into the Square rovt of the numbey
whick denotes the ratio of the clreumfercuce 1o the diameter.

Thus, if the diflerences between the mean ot the observations
and the observations themselves be ¢y by ¢y dy and if n be their

number, the mean error is i’i"‘."_’_i'_‘li_it_"
N ~/7r

It would be unsafe to wager that the error was less than this
quantity,

It will no doubit appear singular, that a quantity /= bhaving
apparently no connexion with the matters jn hand, should en-
ter into the above expression. It s introduced there by the o-
peration of integretion by mcans of which, it_is often brought
mnto expressions, where it was not expected. Benxouvinng was
the first who found the quantity = cuter into the expressions
of’ probability ; and he appears to have thought it very remark-
able.

* Nouvelles Mdéthodes powr la Determination des O:Dbites des Co-
metes,  Pari, 12005,
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The preceding conelusion may be usclul in many ecases of
practical astronomy, and in other parts of natural philosophy ;
or indeed, when any thing is to be determined in quantity or
position from a great number of observntinns,— and especially
when the things to be found are represented by the co-efficients
of the terms of an algebraic formula.

As an instance :—Suppose it were required having two sorts of
lunar tables ; and, having compared them with obscrvations, to
determine which is the best.  ‘FPhe common way is to add toge-
ther the errors of observation, aund to tuke the arithmetical mean:
the tablestowhich the least menn error belongs, are accounted the
best.  ‘This, however, is not the way in which the question ought
to be decided.  "I'be sums of the squares ot the differences De-
tween the observed and the calculnted places chould be added
together @ that set in which the fquare root of the sum divided
by the number of observations is least, is the most exact, Ir
the number of the terms be the same, the mere cemparison of
the sums of the squares decides on which side the preference
lies.  This instance of the utility of the method of finding the
mean, is given by M. Larvrack” himself, Another of the same
kind may be added.—Suppose that two chronometers have been
comparcd with the sun at noon, for a certain number of days
running, and from the register kept of their crrors it is required
to find which of them is the best. This ought to be done by
taking the squares of the differences of the crrors of the chro-
nometer for every day: that in which the sum of these squares
is the leasty is the preferable time-keeper.  If it is required to
compute the error that might be found, if cither of them were
applied to find the longitude, it will be determined by the for-
mula above, and will be very considerably different from the re-
sult that would arise from a mere avithmeoti ‘al mean,

We have here an instance of o problem, to which, in (his
conntry, very {requent recourse has heen had in the trials of
chronometers for the longitude.  "The only method of resolving
it, has hitherto been by finding the arithmetical mean, which,
however, the late Astronomer- Royal did in a particular way,
whichy though not the same with this, was probably the best then
known. It is, however, curtaing that the true going of a clock,
or the measure of its merit, cannot be accurately determined,
but by means of the rule whichshas just been explained,

We shall conclude our extracts from this small, but compre-
hensive volume, with one from the article on Pepulation, whicl,
we have great pleasuce in laying before our veaders.

“ The ratio of the population to the number of births would be



340 Lissal Plilosopligue sur les Probabilitds. Sept,

increased if we could diminish or destroy any disease that is danger-
ous and commoen.  ‘This has been done, happily, in the case of the
small-pox, first by the common inoculation for the disease itself,
and afterwards in 2 much more complete manner by the vaccine in.
oculation, the inestimable discovery of Jennenr, who has rendered
himself, by that means, one of the greatest benefactors of the hu.
man race.’

* The most simple way of calculating the advantage which the ex.
tinction of a disease would produce, consists in determining from ob-
servation the number of individuals of a given age who die of it
yearly, and in subtracting the amount from the total number of
deaths of persons of that same age. The ratio of the difference to
the total number alive at the same age would be the probability of
dying at that age if the discase did not exist. By summing up all
these probabilities from the beginning of life to a given agre, and
taking the sum {rom unity, the remainder will be the probability of
living to that age, on the hypothesis of the disease in question being
extinguished. From the series of these probabilitics, the mean du.
ration of life on the same supposition may be computed, according
to rules that are well known. M. Duvinanp has found that the
mean duration of human fife is increased at least three years by the
vaccine incculation.”  p. 69. '

But as this review is now in danger of becoming longer than
the bock reviewed, we shall conclude, with recommending o
our readers the perusal of the work itself; and with assuring
them, that they will find in it much valuable and important mat-
ter, which has not fallen within the scope of this analysis.

Anr. IN. A Poyage vound the World, in the Years 1503, 4, 5,
& 6: Performed by Order of his Imperial Mujesty Alexander
the Fivsty, Emperor of Russia, wn the Ship Neva. By Urry
Lisiansky, Captain in the Russian Navy, and Kniczht of the
Orders of St George and St Viadimer.,  London. Doctls,
Longman & Co.  4to. pp. 888, 1814,

A coun1ry butcher makes his customers take a certain pro-

portion of gravy beel, when he serves them with what are
denominated the prime parts.  In vain the carvivorous purchas-
er may plead, that he wants only to roast, and has not the most
distant thought of stewing : the cunning slwghterer of horned
cattle holds him fast in the chains of sensuality, and loads him
with lean, and useless flank, before he allows him to enjoy the
flavour of the rib, or to pasture on the obesity of the rump.
Travellers nre as bad as butchers.  Instead of coming at once to




